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Stochastic dynamical systems arise in the modeling of intracellular biological
processes driven by diffusion and reaction of molecules. While several fluorescence
based techniques exist for partial measurements of these systems, it remains a chal-
lenge to estimate the full state and parameters of such systems from the partially
observed data. In this thesis, we study two problems: inferring the diffusivity from
raw Fluorescence Correlation Spectroscopy (FCS) data, and estimating state and
parameters in partially observed chemical reaction networks.

Fluorescence intensity could be modeled as a stochastic process governed by
the motion of particles. The autocorrelation of the intensity has an analytical form as
a function of time lag and diffusion coefficient, hence the diffusion coefficient could
be fitted. We present a mathematical derivation of the autocorrelation function.
We also derive a formula for the variance of the time average of the autocorrelation
function in integral form, and give a closed-form upper bound. We examine several

different approaches to fit the diffusivity via Monte Carlo simulations. Furthermore,



we analyze the sensitivity of the diffusivity D obtained via the process of nonlinear
least squares fit.

We also study chemical reaction networks modeled by a discrete-state continuous-
time Markov process, where the state vector represents the copy number of the
species. We consider two scenarios, one in which exact observations of some species
are made continuously in time over a window and the other in which observations
are made in snapshots of time.

For the continuous in time observation problem, we derive equations for the
conditional probability distribution of the unobserved states. We also provide a novel
particle filter to compute the conditional probability distribution of the unobserved
species. We also adapt our algorithm for the estimation of parameters and for a
past state value based on observations up to a future time.

For the filtering of stochastic reaction networks when some states are observed
noiselessly in snapshots of time, we propose a targeting algorithm that ensures the
filter process reaches the target state. We present a rigorous proof of our algorithm,
discuss the choices we could make within the implementation of the algorithm, and

use numerical examples to illustrate our algorithm.
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Chapter 1

Introduction

Many real-world phenomena could be modeled as stochastic dynamical sys-
tems, but measuring parameters or the full state of such systems can be challeng-
ing. Sometimes we have to make an indirect measurement of the process to infer
the unobservable states and parameters. In this thesis, we study two problems with
applications in biochemical field: inferring the diffusivity from Fluorescence Correla-
tion Spectroscopy (FCS), and estimating state and parameters in partially observed

chemical reaction networks.

1.1 Literature Review

FCS is a tool to determine the diffusivity of fluorescently labeled molecules in
solution by measuring the fluctuation of fluorescence intensity [35, 36] and it’s useful
in the study of drug delivery, where scientists are interested in the diffusion of drug
molecules in macromolecular solutions and polymer gels [41, 42]. This technology
has also improved scientists’ ability to track biological processes at the intracellular
level [33]. Reaction networks are models for systems consisting of chemical species
and a set of reaction channels. Fluorescence technologies can track the temporal
dynamics of a limited number of species, rasing the a critical question of estimating

the full dynamics from the partial time-course observation data.



In an FCS experiment, as particles undergo reflected Brownian motion in a
container diffusing into and out of a very small confocal volume illuminated by a
laser beam, the fluorescence intensity fluctuates. The fluorescence intensity could be
modeled as a stochastic process governed by the motion of particles. The autocorre-
lation of the intensity has an analytical form as a function of time lag and diffusion
coefficient, so the diffusion coefficient could be fitted from the experimentally mea-
sured autocorrelation function. In [30], Koppel provided the first statistical analysis
of the standard deviations for experimental correlation functions assuming Gaussian
intensities. In [40], the authors have computed the standard deviation and bias of
the autocorrelation function from an engineer’s perspective.

Chemical reaction networks occurring at the intracellular level often have some
or all molecular species present in low copy numbers. As such, these are best modeled
by a discrete state Markov process in continuous time, where the state Z(t) € Z7} of
the process is the vector copy number of the molecular species at time . We consider
a stochastic reaction network with n molecular species and m reaction channels. The
dynamics of the reaction network are characterized by propensity functions a;(z,c)
where z € Z7 is the state and ¢ € RP is a vector of parameters, and also by the
stoichiometric vectors v; € Z" for j = 1,...,m. The occurrence of a reaction event
J at time t leads to a state change Z(t) = Z(t—) + v; and given Z(t) = z, the
probability that a reaction event j occurs during (¢,¢ + h] is a;(z,¢)h + o(h) as
h — 0F.

This model and the corresponding stochastic simulation algorithm introduced

by Gillespie [19, 18] assumed a well-stirred system where spatial variations in molec-



ular concentrations were considered negligible. Later on when the spatial variations
were considered important, this model still proved useful in that its framework al-
lowed for a spatial compartmental model where transport of molecules across com-
partments could be treated mathematically as reactions [6].

Stochastic filtering methods provide a framework for addressing the problem
of determining the state of a system from incomplete and potentially noisy observa-
tions. The stochastic filtering methods usually involve generating recursive updates
in time so that the additional computation required in going from the knowledge of
conditional probability at a time instant ¢ to a future time instant £+ h only involves
the observations made during (¢, ¢+ h] and the conditional probability computed by
time t.

The widely known instance of stochastic filtering is the Kalman filter [26] which
was concerned with a Gaussian process with a linear evolution in discrete time. Later
on, the Kalman-Bucy filter [27] was introduced in the continuous time setting of
linear stochastic differential equations (SDEs). In these linear and Gaussian settings
the conditional probability distribution is also Gaussian, and hence its time evolution
can be reduced to studying the time evolution of the mean and the covariance.

In general, one may not expect the conditional probability to be Gaussian and
hence the methods are more complex. In the general nonlinear setting for SDEs,
there are several methods and one may find [4] as a general reference. In the setting
of Markov processes in discrete time, one may find recursive filtering equations which
describe the time evolution of the conditional probability distribution [14].

For discrete and finite state Markov processes in continuous time, Confortola



and Fuhrman [10] provided a rigorous derivation of the evolution equation for the
conditional probability distribution 7 (¢, x) for the case of finite state Markov chain.
Our work [39] gave an intuitive derivation for reaction networks with unbounded
state space. The authors [12] later gave a rigours derivation for unbounded state
space. These evolution equations take the form of differential equations with jumps.
These equations, known as the filtering equations, are analogous to Kolmogorov’s
forward equations for the time evolution of the (unconditional) probability distri-
bution P{Z(t) = z} of a continuous time and discrete state Markov process. In
the case of reaction networks, Kolmogorov’s forward equations are known as the
Chemical Master Equations (CME).

It is well known that when the number of states is infinite or very large, the
solution of the CME is not practical and Monte Carlo simulation is the more efficient
method of choice. The well known Gillespie algorithm [19, 21] and its variants[17, 1]
are the methods of choice for exact realizations of sample paths. Likewise, when
the state space is very large or infinite, direct numerical solution of the filtering
equations is not practical.

We describe some previous results for state and parameter estimation in the
context of reaction networks. All these methods are for observations based on dis-
crete time snapshots. In [7], the authors consider Bayesian inference of parameters
based on exact partial state observations in discrete time snapshots and proposes a
Markov Chain Monte Carlo (MCMC) method. Golightly and collaborators [23, 24]
use the Chemical Langevin Equation (CLE) as the underlying model and propose
MCMC methods for state and parameter estimation based on partial state obser-
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vations corrupted by additive Gaussian noise in discrete time snapshots. In [9], the
authors consider the case where the reaction network is approximated by the linear
noise approximation. The observations are assumed to be linear combination of the
states corrupted by an additive Gaussian noise with an unknown variance and they
propose an extended Kalman-Bucy filter. They also consider pure delays in the sys-
tem. The recent work in [13] considers the case where the reaction network may be
approximated by an ODE model with jumps. A function of the state corrupted by
an additive Gaussian noise is observed in discrete time snapshots. Rigorous results
are derived to show that by solving the filtering problem for the reduced model based
on observations of the original model, one can also obtain a good approximation of

the estimation of the original model.

1.2 Contribution of this Thesis

In Chapter 2, we present an alternative mathematical derivation of the auto-
correlation function. To quantify the uncertainty, we also derive a formula for the
variance of the time average of the autocorrelation function C(T,7) = £ fOT I(t)I(t+
T)dt in integral form in terms of system specifications, and we find a closed-form
upper bound (See equation (2.42)). We show that as observation time window
T — oo, the variance of the time average converges in the order of O(%) We
then examine several different approaches to fit the diffusivity via Monte Carlo
simulations. Then in order analyze the sensitivity of the diffusivity D obtained via

the procedure of nonlinear least squares fit, we apply the implicit function theorem to



the system established by the first-order optimality condition. As we are interested
in the sensitivity of the fitted D in response to the perturbation of the observed
data, which is a stochastic process, we first characterize the perturbation down to
a single random scalar by keeping the first mode of the Karhunen-Loeve expansion.
We find that although the first mode carries a significant amount of the energy, it
contributes very little to the inference error. In fact, more modes are needed in the
sensitivity analysis.

In Chapter 3 and Chapter 4, we investigate the estimation of unobserved
states and parameters of a stochastic reaction network based on exact (noiseless)
partial state observations. We consider the situation where observations are made
continuously in time in Chapter 3 (which leads to published paper [39]), and then
in Chapter 4, we consider the scenario where observations are made in snapshots of
time. We write Z(t) = (X(t),Y (t)) where X (t) € Z"" is the unobserved component
of the state and Y (t) € Z’? is the observed component of the state.

In Chapter 3 for the continuous-time observation, we are interested in com-

puting the conditional probability

n(t,x) = P{X() =2 |Y(s) =y(s), 0 <s <t} VaeZl. (1.1)

We show in Section 3.1 that the evolution equation for 7 (¢, z) satisfies a system
of nonlinear differential equations with jumps and hence it is not possible to regard
7(t,x) as the (unconditional) probability distribution of a Markov process. We

define a nonnegative unnormalized conditional distribution p(t,z) which satisfies a



linear evolution equation and when normalized yields 7(t, z).
We provide a Monte Carlo filtering algorithm in Section 3.2 which generates
a pair of processes (V,w) where V' has the same state space as X such that

B[4y (V1)) w(?)]
Ew()]

m(t,x) =

To estimate unknown parameters, we adapt our algorithm in a Bayesian framework
by absorbing unknown parameters into the augmented state space. Similar strategies
could be applied to address the smoothing problem (i.e. to estimate the conditional
probability of a past event based on the observations made until a later time). We
illustrate our algorithms via numerical examples in Section 3.4.

In Chapter 4, we are concerned with the filtering of stochastic reaction net-
works when some states are observed noiselessly in snapshots of time. We aim to

compute the conditional probabilities

w(t,2) =P{Z{t)=2|Y(t;) =y, i =1,...,Ts} (1.2)

. where t > 0, z € Z7 and Tj is the number of snapshots.

We describe a straightforward Monte Carlo algorithm based on a simple accep-
tance/rejection strategy. This algorithm could be highly inefficient with low effective
sample size in situation where the probability for the observed outcome to happen is
small. We therefore propose a new algorithm which we call the targeting algorithm

that ensures the filter process reaches the target state. This is achieved by im-



posing the constraints on the reaction count vector between observation snapshots.
Conditioned on that, we simulate the paths in between by interpolating the filter
process as a conditional inhomogeneous Poisson process and computing the associ-
ated weights due to a change of probability measure. We present a rigorous proof
of our algorithm in Section 4.3. We also discuss the choices we could make within
the implementation of the algorithm in Section 4.4 and use numerical examples to

illustrate our algorithm in Section 4.5.



Chapter 2
Parameter Estimation in Fluorescence Correlation Spectroscopy

2.1 Introduction

Fluorescence Correlation Spectroscopy (FCS) is a tool to determine the dif-
fusivity of fluorescently labeled molecules in solution by measuring the fluctuation
of fluorescence intensity. In the FCS experiment, the solution in a container is
placed under the laser beam which creates a tiny confocal volume inside the solu-
tion. When the fluorescent particles cross the confocal volume, photons are emitted
and a detector records the emitted photon intensity.

The fluorescence intensity could be modeled as a stochastic process governed
by the motion of particles. Let N be the total number of particles in solution. Let
X;(t) be the location of the ith fluorescently labeled particle at time ¢, X;(t) € R3,
i=1,2,..,N. Let I : R* — R be the laser intensity function the maps the location
of a particle to an intensity it contributes. So the intensity contributed by particle
7 is given by

i(t) = F(X;(1)), (2.1)

where

(2.2)




The total intensity contributed by all the fluorescent particles is,

= Z i (t). (2.3)

Define the autocorrelation function G(7) by

Cov(I(t),I(t+T1))
ErO)”

G(r) = (2.4)

In the next section, we will show that G(7) has an analytical formula as a
function of the time lag 7 and the diffusion coefficient D, so diffusion coefficient

could be fitted from the experimentally measured autocerrelation function.

2.2 Derivation of Autocorrelation Function G(7)

Assumption 1. Processes {X;(t)}Y, are i.i.d. (independent identically dis-

tributed) and can be represented by a process X (t).

Hence,
Cov(I(t), I(t+ 7)) = Cov( sz ,sz (t+7)) = ZZCOV(W),W +7))

Z ), i5(t + T)) = NCov(i(t),i(t+ 7)) = N(E[z’(t +7)i(t)] — Eli(t + T)]E[z(t)])
And,
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Next, we shall compute E[i(t)] and E[i(¢)i(t + 7)].

Assumption 2. The law of X(¢) is independent of ¢, and is the uniform
measure on B C R?, where B is the box that contains the solution. Thoughout our

analysis, we assume N, |B| — oo with % fixed. Thus,

1 1 w3/2p2]
E{i(0)] = EF(X(0)] = 7 / P g [ P = BT 0

Here, we provide some explanation of the last two steps in the above equation.

2
—2x5
2

+ 122%) = Fyexp(—2T Az) is a three-dimensional

Note that F'(z) = Fyexp (fﬁ +
Gaussian function, where A = diag(%,5,%). For [, F(x)dz, we know that

99.7% of the contribution comes from within the ellipsoid j—; + z—gg + i—; = 1 with

a = %T, b= 337" and ¢ = %l As long as the length of each side of the solution box B
is much larger than r and [, the contribution from outside the box could be safely
ignored.

For the integral evaluation step, recall the Gaussian integral

/e‘xQd:p = /7.
R
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In general, for a multidimensional Gaussian function f(z) = exp(—27Qz), where
z € R™ and (@) is symmetric positive definite, there exists an orthogonal matrix P

such that PTQP = D, where D = (d;) is diagonal. Let w = P72z, we have

r = —w! Dw)dw = VeV
/nexp(—z Qz)dz—/nexp( Dw)d —m—m.

Assumption 3. The Markov process X(¢) has Brownian increments, i.e.

X(t+7)—X(t) ~N(0,0%7I). That is, it has a transition density k(7,z,y).

2_\—3/2 ly — tz
k(r,z,y) ~ (2r0%r) "% exp{ . 2—2} (2.7)
ag°“T

Note that o is related with the diffusivity D in the sense that D = ”72 Now we can

compute E[i(t)i(t + 7)].

E[i()i(t + 7)) = E[F(X(0)F(X(t +7))] = E[E[ F(X(0)F(X(t+7)|X(8)]]

— E[F(X(t)) EIF(X(t+7)|X ()] = /EB F(a) E[F(X(t+7)|X(¢) = 2] Edw
73/2p2]
k(T,z,y)dydr ~ FO2 .
|B| /:ceB /yeB y) Y 8|B|(1 4DT) 4D7-

The detail of the integral evaluation step is provided as follows,

k(r,z,y)dydx
87 Lo o PO

(y—2)'(y—=)
\B|m/m / exp(- ) exp( ) exp (G ) o
F 1 T
= (B Gt (72

12



where

I I
A + 2021 2021
I I
2021 A+ 2021

Evaluating the Guassian integral in R®, we get

w3/2p2]
E[i(t)i(t + 7)) =~ Fy . (2.8)
8‘B|(1+412T) 1+4ID27-

With the analytical formulas for E[i(¢)] and E[i(¢)i(¢t + 7)] available, we can derive

G(7)
G(r) = Cov(I(t+7),1()) _E[i(t+7)i()] 1 _ 1 |B 1 !
(E[1(1)])” NE[(D)? N N©P2(1+ D) S N
(2.9)

The total number of particles N is very large (say, more than a thousand), while

N 73/2p2]
|B|

is usually chosen to be less than ten, so we keep the first term and drop

the second term of the above equation. Thus

G~ LB 1 1 11 !
T) R — '
N 722 (14 457) [ ape  Ne(1+487) /1 anr

where

N
N, = Ew?’/?r?l (2.10)

is called the effective number of particles in the confocal volume. While the function

13



F(z) decays exponentially from the center of the laser beam, we can still think of an

Nx3/2¢2]
1B

effective confocal volume of 73/2r2]. It follows that is the number of particle

in that effective confocal volume . Eventually, we reach the analytical formula used
by scientists [42],

Glr) = — 1 ! (2.11)

N (1+457) /H_%'

2.3 Higher Moments of Autocorrelation Function

2.3.1 Moments Contributed by a Single Particle

Here we list the moments of autocorrelation function contributed by a single
particle. These formulas are derived by successive conditioning and integrating
Gaussian functions.

We define diffusion time 7, and 7; by
T = —, = —. (2.12)

And we introduce ¢, and 1, functions for the n'® moment of autocorrela-
tion function, where ¢ takes in absolute time while 1 takes in relative time lag as

shortcuts. The list of moments are as follows:

w3/2p2]

= FOW. (2.13)

¢1(t) = ¢r = E[i(t)]

14



Go(t,t +7) = o(1) = Eli(t)i(t + 7)]
_ e 3/2,2] (2.14)

0 .
V8IBI(2+ %), /2+ %

¢3<t7 t + Tl;t + 1 + 7—2) = wg(Tl, 7'2) = E[@(f)z(t + Tl)/l(t + T + 7_2)]
— R m3/2p2] | (2.15)
\/§‘3|(3 + ZL(TIT—:LTQ) + %)\/3 + —4(T1JZFT2) 4 4nrn

Tl ’Tl

¢4(t,t+71,t +7'1 +T2,t+7’1 + T2 + 7'3) = w4<7'1,7'2,7'3)

=E[i(t)i(t + )it + 71 + )i(t + 71 + T2 + 73)]
— 47T3/27"2l 1 (216)
= Iy \/§|B’ (4 + 237’1+47‘2+37—3 + 87’17’2+7-1;-3+7-27-3 + 37.17%7_3)

1

X .
311 +479+373 T1T2+T173+T2T3 T1T2T3
\/4 + 28 Hintin 4 gnninginn 4 3ny

2.3.2 Moments of the Total Intensity

Since I(t) = Zjvzl i;(t), we can obtain moments of total intensity by doing

combinatorics.

N3/2p2]

. Ne
E[I(t)] = NE[i(t)] = Fo—=, where N, = |B|

N (2.17)
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Corr(I(t), I(t + 7)) :==E[I(t)I(t + )] = NE[i(t)i(t + 7)] + N(N — 1) (E[i(t)])

N, N
~ F = - (—e> .
(8(1 4 4Dry /14 400 V8

(2.18)

Cov(I(t), I(t+ 7)) = Corr(I(t), I(t+ 7)) — (E[I(t)])* = F}

E[I()I(t+7)I(t+ 1 +7)] = NE[i(t)i(t +7)i(t + 7 +7)] + +N(N — 1)(N — 2)(E[i])?

+N(N = 1) E[i] (B[(t)i(t + )] + E[i(t)i(t + 71 + 72)] + E[i(t + 70)i(t + 71 + 72)])

NF3<N 1 RS N2 1
~ Iy
\/§(3+ (7-1+'rz) %)\/3—’_4(71;72) + 47;1127’2 8\/_ (2_‘_27%) /2_*_27%
N2 1 N2 1
+? 2 2 Ty 8 2( + ) 2(11+72) + )
(2+72)\ 2+ (24 Antmly, /o 4 Hndm

(2.20)
2.4 Time Average C(T,7) = %fOT I(t)I(t+ 7)dt

Recall that

G(T):COV(I(HT) I(t)) _E[I(t+7)I(t)] —ELMIE[(t+7)]  E[I(t+7)I(t)]
[

(ELL(2)))’ (E[1(£)])? (BL())°
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In practice, we use time average instead of ensemble average:

6r) = L E @It +7)dt 221)
(% )y 1(tyat)
We denote
S(T) = % / "o, (2.22)
and
(T, 7) = % / 01+ )t (2.93)

Since X (¢), i(t) and I(t) are stationary processes, we can see that S(7") and
C(T, ) are unbiased estimators of E[I(¢)] and E[I(t)I(t + 7)], respectively. That is,
E |4 Jy 1(0)dt] = B[I(0)] and B [§ [} I0)I(¢+ 7)dt] = EI@I(+ 7).

However, when it comes to G, it is not clear whether G is an unbiased estimator of

G.
Glr) = E[I(t+7)[§t)] 1 G = + Iy I(t)](t+73dt .
(E[1(1))) (5 7 1)
A fo t+7’ dt
e #71 e ) @

(&[4 fOT I (t)dtD
In general, we cannot distribute the expectation over the numerator and denomina-
tor. However, once the random quantities C' and S have almost no variance, E[G (7)]
becomes a justifiable approximation of G(7). Since I(t) = F(X(t)), X is an ergodic

Markov process, F' is a bounded measurable function, we have that S(7") converges

in probability to E[I(¢)] as T — oco. What remains is to evaluate or estimate the

17



variance

Var(C(T, 7)) = E[C(T, 7)?] — (E[C(T,7)])* (2.24)

2.4.1 Var[C(T,1)]

12 / / I(t +7)I(s)I(s + 7)]dtds (2.25)

We consider the general case of E[1(t1)1(t2)1(t3)I(t4)]

E[I(t1)1(t2)1(t3)1(t4)] = E[Zij(tl) D inlta) Y iilts) im(t4)]

= Nou(tr,ta, t3,t4)
+ N(N = D)[@s(t1, 2, t3)P1(ta) + Ps(ta, L2, ta) 91 (ts) + Ps(ta, 3, ta) O(t2) + ds(be, b, ta) 1 (t1)]
+ N(N = D)[@a(t1, t2)Pa(ts, ta) + a(t1, 1) da(ta, ta) + 2(t1, ta) P2 (ta, t3)]
+ N(N = 1)(N = 2)[¢a(tr, t2)1(E3) 01 (ta) + P2(tr, 13)d1(t2)01(Ea) + P2(t1, ta) 1 (2) P (£3)
+ Ga(ta, 13) 01 (t)dr(ta) + Da(te, ta) 91 (11) P (ts) + Palts, ta) dr(t1) 1 (t2)]

+ N(N = 1)(N = 2)(N = 3)¢1(t1)p1(t2) d1(E3) 1 (t4)

(2.26)
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E[I(s)I(s+1)I(t)I(t+ 7)]
= Noy(s, s +7,t,t+7)

+ N(N = 1D)[¢s(s,s +7,0)p1(t +7) + ¢3(s, 5 + 7,1 + 7)p1 (1)
+ @3(s,t,t +7)P1(s + 7) + @3(s + 7, t, T+ 7)pi(s)]

+ N(N — D)[pa(s,s 4+ T)da(t, t +T) + da(s, t)pa(s + 7,6 + 7) + Pa(s,t + T)pa(s + 7,1)]

+ N(N = 1)(N = 2)[¢a(s, s + 7)1 (t)p1(t + T) + da(s,t)p1(s + 7)1 (t + 7)
+ a(s,t + 7)Pi(s + 7)1 (t) + dals + 7, 1) dr(s)pu(t +7)
+ G2(s + 7, + 7)P1(8)01(t) + Pa(t,t + T)d1(s5)d1(s + 7))

+ NN = 1)(N = 2)(N = 3)¢1(s)p1(s + 7)p1(1) o1 (t + 7)

Now, we study the case when t — s > 7, we have

19



Y

5 S$+T 1 r+t

E[I(s)I(s+ 7)I(t)I(t + T)]
= Nipy(r,t —s—7,7)
+ N(N = D[ts(1,t — s — 7)1 + 3(7,t — 8)hy + s(t — s, 7)1 + hs(t — s — 7, 7))
+ NN = D)[tha(7)1ha(7) + tha(t — 8)2(t — 8) + ot + 7 — 5)¢a(t — s — 7)]
+ N(N = D(N = 2)[02()ih1¢1 + tha(t — s)th1tn + tha(t + 7 — 5)ihith
+ ot = s = T)hrhy + Yot = $)hrihy + Pa(T) Y19

+ N(N = 1)(N = 2)(N = 3)1th1i1 91

(2.27)

For case 2 when 0 <t — s < T,

L J

5 t S+T 4+t

20



E[I(s)1 (s +7)I()I(t +7)]
= Nyt —s,7— (t—s),t — s)
+ NN = Ds(t —s,7 — (t = 5))h1 + ¥3(7,t — s)n

+abs(t — 5, 7)1 + Us(T — (E = 5),t — s)ih]
+ NNV = Do (7)1ha(7) + Y2t = 5)tba(t — 5) + 1ot — s + 7)1ha(7 — (T — 5))]
+N(N = 1)(N = 2)[a(1)rthr + 1ot — s)ibrhr +a(t — s+ T)ih1ay

+ ¢a(s + 7, 8)01(5)Pr(t + 7) + Vot — 8)thrth + Yo (T)1t]

+ NV = DN = 2)(N = 3)nniihr.

(2.28)

2.4.2 Asymptotic Analysis as T' — oo

Recall that we define the effective number of particles in the focal volume

N
N, = — 322
| B

We multiply the the moments v); contributed by a single particle by N and get ¥,

(i=1,2,3,4):
N,

7

Ne

VBe+x) (2:30)

U, = Ny, = F (2.29)

Uy (T) = Nipo(1) = F3

21



‘113(7'1,7'2> = N¢3(7'1,T2)
N (2.31)
VB34 At 4 dn f3 4 dnin) inn

Tl ’Tl

=Fp

Uy (71,72, 73) = Nby(71, 72, 73)
_ e 1
0 \/g(4+ 23T1+4T72+37'3 _|_871T2+T71_‘2F3+7'27'3 +37172T3) (2.32)

™

1

\/4 4 23T1+4;Fl2+37'3 4 87'17'2+T71_l72'3+727'3 4 37'177_;%7'3

With the new notation, we can rewrite

E[C(T,7)] = Nobo(7) + N(N = 1)(t1)> = Nupo(r) + N*(¢1)* = N(3)? (2.33)

= U(r) + (11 +O(5;).

Since the number of particles N is large, the term N(¢)? = +¥7 is very small

compared to the terms Npy(7) and N2(¢/1)?, in which cases the order of N matches

with the order of ”Tgr"l in 9. Similarly, for E[I(s)I(s + 7)I(t)I(t + )], we can see

that some terms is small with the order of O(%).

Now, we try to estimate how fast Var[C'(T, 7)] decays in terms of the observa-

tion time 7. That requires a more detailed look at the double time integral.

E[C(T,7)] = % /0 /0 E[I(#)I(t +7)I(s)I(s + )] dtds. (2.34)

Now we rewrite E[I(s)I(s + 7)I(t)I(t + 7)] for two cases t —s > 7 and 0 <

t—s<T.

22



When t — s > 7,

E[I(s)I(s+ 7)I(t)I(t+T)]

=Uy(r,t—s—r1,7)

+ U [Us(1,t =5 —7) + Us(7,t —5) + Ws(t —5,7) + V3(t — 5 — 7, 7)]

Uy (1)U (7) + Wa(t — ) Us(t — 8) + ot + 7 — 8)Wa(t — 5 — 7)

+ WU [Wa(7) + Wa(t — ) + Wt +7 —8) + Ua(t — s —7) + Uyt — ) + Wa(T)]

1
+ WUy 4 O(N)

And when 0 <t — s < 7, we have

E[I(s)I(s+T)I(t)I(t+7)]

= U (t—s,7— (t—5),t — )

+ U [Us(t —s,7— (t —5)) + Us(1,t —5) + W3t —s,7) + Ws(7 — (t — 5),t — 5)]
+ Wo(T)Wo(T) + Wa(t — 5)Wa(t — 5) + Wa(t — s+ 7)Ws(T — (t — 5))]

+ U U [Wo (1) + Wa(t —5) + Wa(t — s+ 7) + Wa(T — (t — 5)) + Wa(t — 5) + Wy (7)]

1
+ Uy 4+ O(ﬁ)

We notice that both cases have the same terms (colored in blue) which don’t depend

on t — s and we denote them by go:

o = (V2(7))* + 2W2(7)(V1)* + (V)" = (Wa(7) + UT)* (2.35)
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By equation (2.33), we see that

1

7| [ wasit = 0 = ®CTDN + O (2:36)

Next, we inspect the rest of the terms in E[I(s)I(s 4+ 7)I(t)I(t + 7)], noting
that its value just depend on the time difference ¢ — s. So we perform a change of
variable that s = s, u =t — s and study its behavior on the s — u plane.

When u > 7,

+ U [Us(r,u — 7) + Y3(1,u) + Us(u, 7) + Us3(u — 7, 7)]

(2.37)
+ Uy (u)Wa(u) + Wou + 7)o (u — 7)
+ ‘111\111[\1/2(10 + \112(U + T) + \DQ(U - T) + qj?(“)]a
when 0 < u < T,
g(u) = Uy(u, 7 — u,u)
+ U [Us(u, 7 — u) + Vs(r,u) + Ws(u, 7) + WU3(7 — u, u)]
(2.38)

+ Wy (u)Wa(u) + Wo(u + 7)Ws (T — u)

+ U Uy [Uy(u) + Ua(u+ 7) + Wo(T — u) + Wa(u)].
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¥

Note that

E[C(T,T)%] = %/0 /0 E[I(t)I(t + 7)I(s)I(s+ 7)]dtds
= go+ %/0 /0 E g(u)dsdu.

Since gy = (E[C(T, T)])Qa

Var[O(T, 7)] = E[C(T, 7)2] — (E[C(T,T)})Qz% /0 /O gdsdu. (2.39)

Lemma 1.

) /0 ' /0 T (u)dsdu = O(T), (2.40)

Proof. Since g(u) has different expressions on region 1 and 2, we split the region.

/OT/OT—ug(u)deu:/OT /OT_ug(u)deu_|_/TT/OT_ug(u)deu_
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In region 2, where 0 < u < 71

Ja —/ /T ' uw)dsdu < Tt sup g(u) = O(T).

o<u<r

In region 1, we inspect term by term and consider the asymptotics when

u —» 00

Wy(r,t _ A !
4(7—’ _8_7—77—)_ \/§(4_’_24u+27 +827’(uT;' +72 +372u ‘r))
! = O(u™3?).

\/4 + 24u+27- + 827‘(u l)+T2 + 37'2(u3—7')

K

Uy (2Us(7,u — 7) + 2¥(7,u))
B 2N,
VB34 dx Al 3 du g A1)
2N,

+ = O(u=??).
VB34 M) 4ty 34 )

Uyt — )Wt —s) + Wa(t — s+ 7)Ws(T — (t — 5))
_ Ne N,
VE|B|(2+ ), /2 + 24 /8| B|(2 + 2=, f2 4 2eeD)

Ne

=O0(u™?).
+(¢§B<2+i—f>,/z+i—7> "
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(\111)2(2\112(u) + Uo(u+7) + VUy(u — T))

_ Nf( 2N, . N,
SAVBBI2+2), 2+ B VBIBI(2 + ) oy e
+ Ne > — O(u73/2).
2(u—r)

V3|B|(2 + 21y, f2 4 )

Since g(u) = O(u/?) as u — oo, that is, there exists ug > 0, M > 0 such
that g(u) < Mu=%?2 for all u > uy. (Also note that uy and M are T independent).

Without loss of generality, we choose ug > 7. Thus, we have

/uTg(u)du < /UT Mu=3%du = 2M<\/Lu_0 - %) =0(1).

Hence,

/T g(u)(T —u)du < /T g(u) Tdu = O(T).

uo uo

Similar to the case in region 2, now we consider

/Ouo gu)(T —u)du < Tuy sup g(u) =O(T).

0<u< uo

Therefore,

/OT /OT_ug(u)dsdu = O(T).
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It follows immediately from lemma 1 that

Var[C( T2/ /T " g(u)dsdu = O <T> (2.41)

2.4.3  An Upper Bound for Var[C(T, 7)]

In the previous section, we derive the exact expression of Var|C(T,7)] as a
time integral in equation (2.39) and show that it decays in order O(7). In this
section, we would like to look into the constant in front of % and find an upper

bound for Var[C(T, )] in closed-form. Recall that

Var[C(T, 7)] = % /0 ' /0 T ) dsdu < % /0 " (u)du.

We shall find an upper bound for each of the terms in g(u)

¥, Terms fOT Uy(u, T — u,u)du + fTT Uy(r,u—7,7)du

Recall that

Uy (u, 7 — u,u)

1 1

=\, ,
(4 + 26u+4(7— u)+ + 82u(7’ g)+u2 N 3u2(7' U) \/4 + 26u+4(7’ u) + 82u(7’ 1;)+u2 N 3u2(T u)
T

Uy (r,u—7,7)

1 1
(4+26T+4(u T)+ +82T(u T)+72 +37—2(: T)) (4+267—+4(u T)+ +82T(U l;')—O—TQ +3 2(:-L T))

T 1

=0,

In both cases, denominator > ( u+4+ 47)3/2
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Since

/t2 1 Ty — 2 (1_ At1+B)
, (Au—+B)32""  AJAL + B V At + B)

Hence,
T T
/ Uy (u, T — u, u)du+/ Uy(r,u—7,7)
0 T
2
<\ =, L
4 Jpq it 4. /1+Z
T T Tl
W, W¥; Terms

T T T
20, (/ Uy (7, u)du + / Us(u, 7 — u)du + / Ws(7,u — T)du>
0 0 T

Recall that

1
(342 4 dup) f3 4 Hedn) 4

U

\1’3(7', U) = \I’1

LetA:%—l—f_—E,andB:?H—i—lT,Wehave
l

T T
1
< 2 - -
2‘1]1/0 Ws(7,u) < 2(04) /[) (Au + B)3/2du
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Recall that

1
(3442 4 lru), f3 4 dr . dulrw)

T

\113(% T — U) =T,

2\111/ Us(u, 7 —u) <207 sup W3(u, 7 —u) = 2(¥;)? ! .
0 u€(0,7] (3+ %) /3 + %

Recall that

1
(342 4 2l f34 du g Sle)

T

Us(r,u—1) =",

Ti

1+ 1) /3+%

1

T T—1
2\111/ \Ifg(T,u — 7') = 2\111 / \Ijg(’i', U)d?} S (@1)2
T 0

‘1’2\1’2 Terms

/OT Wy () s (u)du + /0 Wy (u+ 7)Ws(7 — w)du + /TT Uy (u+ 7)Ts(u — 7)du

Since

T
/ PR U 1
o (Aut BB T 2AB2  2A(AT + B’
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letA:%andB:Z

/OT Uo(u+ 7)Wae(7 —u) <7 sup {\Ifg(u+r)\112(7' — u)}

u€[0,7]
-

(2+2Z), 242

Q)

S T\IIQ(T)\I/Q(O) = (\111)2

T—1
/ (u+ 7)o (u — 7)du = / Uy (v + 27)Wy(v)dv
0
<

Tl

/ Uy (0) Uy (0)d < (W)2 2L,
16
\Il]_\Il]_\Ilz Terms

\111\111</OTZ\IJQ(u)du—l—/OT\Ifg(u—i-T)du—l—/OT\Ifg(T—u)du+/TT\Ifg(u—T)du>

LetA:%andB:Q,
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T T+t
\111\111 / 2‘1’2(11, + T)du = \1’1\111 / ‘IJQ(U)dU
0 T

5 T+1 1 y 5 7
< (1)) / g < ()

‘111\111/ 2\112(7' — u)du = \111‘1’1/ \IJQ('U)d’U
0 0

g(wgféTcﬂﬁfgﬁﬁdu:(mg%(i%-——l——)

T T—1
\111‘1’1/ 2Uy(u — 7)du = \111\111/ Wy (v)dv < (\111)31'
T 0 \/§
Putting them all together,
9 T
meﬂﬂs—/g@m
T Jo
2 2
< T (‘IHL + (0y)? n +2(0,)? T 549
41+ 2 (14 I),/3+1% 3+4r), 3140 (242)
Tl Tl Tr Tl
4
+ (\111)22 + (\Dl)Q T + \1/1 3l>
8 2+I) 2+ 2 V2

2.4.4 Numerical Results on Var[C(T, 7)]

In section 2.4.2, we manage to quantify Var[C(T,7)] analytically by a double

integral (2.39) as N — oo. In this section we would like to integrate it numerically
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and compare with the variance estimated by Monte Carlo simulation.

We show the plots of relative error against 7" for different 7 values.

/ T V]
RE(T,7) := w“ ™) E[C(T 1.

E[C( 0]

AsymptPlotl AsymptPlot2

0.095
0090
0.085
& 0.080

0.075

0.070

0.065

(2.43)

Figure 2.1: RE(T, T) against T for three fixed values of 7 = 0, 0.005, 0.1. RE(T, 1)

is computed by numerical integration.

In order to study the rate of decay «, we assume

RE(T,7)=b T

That is,

log(RE) = alog(T) 4 log(b).

The slope of the loglog plot (not shown) for adjacent data point is near —0.5, that

is, the relative error decays at order O(7T~'/2), which agrees with the theoretical

result that variance decays at order O(7).
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== fAU=0.0
=#= fau=0.0001

== fAU=0.1

= tau={0.0, upper bound
== tau=_0.0001, upper bound
== tau={0.1, upper bound

040 4

35

030

025

Standard deviation of C[T,tau]

0.20 -
0.15 -
0104 E=o
0057 hi‘wﬂ
000 | _ . .
10! 10° 10
T

Figure 2.2: Standard deviation of C'(T', 1) for fixed 7 values 7 = 0, 0.005, 0.1. Upper
bound and numerical estimate.

—— T = 1. one std —&— T = 1. upper bound

125
120
115 1z 4

110

Bl

105
100
o.95 oo

o090 4

10—F 10— 10-* 10—= 10—= 10— 10—= 10—= 10— 10—= 10-= 10—

tau tEu
125 A —— T = 10, one std —— T = 10, upperbound
1zo
1z
115
110 11
= =
o105 4 o
100 10 4
oas
0.9
090
10-= 10> 10-= 10—= 10-= 101 10-= 10> 10—= 10-= 10-= 101
t@Eu Eu

Figure 2.3: E[C(T,7)] as a function of 7 with error bars showing the standard
deviation. Left column shows the actual standard deviation computed by numerical
integration, while right column shows the upper bound of standard deviation. The
first row is for 7" = 1 and the second row for 7" = 10.
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04

0.35

03

T 025

0.2

0.15

0.1

—J— Monte Carlo

theoretical

Figure 2.4: G(r) simulated and theoretical. E[G(7)] estimated from 10000 trajec-

tories. T = 0.1.

08

(T, 7)

06

04

02

T T
—F— Monte Carlo
theory

Figure 2.5: C(7) simulated and theoretical. Theory: E[I(t)I(t + 7)]. Monte Carlo:

E[C(T)] =E [% fOT I(t)I(t+ T)dt] estimated from 10000 trajectories. 7' = 0.1.
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—%— Monte Carlo
¥ —#— theory

o

Standard deviation of C(fau)

0.098

0.096

0.094
o]

Figure 2.6: Standard deviation of C(7). T'=0.1.

2.5 Fitting D and N,

When we estimate diffusivity D by a nonlinear least squares fit, there are sev-

eral slightly different options. Traditionally, people fit the time-averaged observation

A

G(7) to the model G(7) using equation (2.11)

1 1 1
Ne(1+4D7) 1+4'2

2
T 2

G(r) =
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Figure 2.7: Histograms of fitted D and N,. Single trajectory fit. 7" = 0.1. 10000

independent simulations.

Scientist usually do the repeated experiments and get several trajectories of
intensity data. One idea is to simply average the G(T) obtained from each trajec-
tory and then fit with the analytical formula. In FCS experiment, intensity data
is recorded in discrete time, so the time integral is further approximated by the

Riemann sum. That is,

g V)Y )

G*) (1) .
(220, 19))

. 1 <N .
Gang(T) = — > GW(r).
k=1

Another idea is to average the numerator fOT I(t)I(t + 7)dt and the denominator
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T fOT I(t)dt separately. That is,

/ 1
m n <
k=1 j=1

_/ Z](k -

. 1 v l v [(k .[(k) t:+ T
Gavg(T) _ mzk—l nzj—l (J) (32 ) 1

(A2 L, 10))

NE
| —
~
=
—~
~
<
S~—
~
g
~
_I_
\]
N—
|
Q
o)
=
=
—~
S~—

Alternatively, it is also possible to fit the observed 4 fOT I(t)I(t + 7) to the

analytical expression Corr(I(t),I(t + 7)) given by equation (2.18).

Or fit the observed %fOT IOIt+7) - (% fOT I(t)dt)* to the analytical formula
Cov(I(t),I(t+ 7)) given by equation (2.19), which actually yields the same result
as average the numerator and denominator of G(7) separately.

:%i%i]’“ I®(t; + 1) — ( Z i]’“ )
Jj=1 J

=1

Since the process I(t) is not well-approximate by a Gaussian process (to be
explained in Remark 1), its first two moments don’t capture all the information, so

it makes sense to use its higher moments. We choose to look at the E[I(t)*I(t+ 7)),
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from equation (2.20), we have

e 1 M. 2 (2.44)
"\ VB (34 10m) f5y 1pr 88 VR ) fiy i)

n

- 1 1 &
Corr3®(7) = E I(t;)?1(t; + 1) COrr3apg (1) = — E orr3™ (1) (7).
m
k=1

n 4

We ran numerical experiments to fit diffusivity D with various options. For
all these methods, we used the same set of I(t) trajectories generated by Monte
Carlo simulation. Parameters are chosen from a real scientific example in [42],
D=13x10""7r=2x10"7,1=1x10% F, =1, At =1x 1075 T =0.1. We
performed nonlinear least squre fit using Matlab program 1sqnonlin and record the
error | D — D|. Results are shown in Table 2.5.

All method shows decent accuracy in terms of the relative error. As expected,
using multiple trajectories to compute éavg, Corravg, Covavg, Corr3avg yields better

estimation than using only a single trajectory. @orravg has the best performance in

our experiments.
Remark 1. The process I(t) is not well-approximate by a Gaussian process.

Recall the central limit theorem that let X;, ¢+ = 1,2,...,n be identically

distributed random variables with E[X]| = p and Var(X) = ¢ Then Z, :=

Z?:l (Xi—p)

e N(0,1) in distribution. Berry-Essen Theorem further gives a quanti-
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T Method Mean Error | RE (%) | Mean std

0.1 single trajectory fit G 4.23523e-12 | 3.26658 | 1.85854e-11
0.1 single trajectory fit Cov 4.23529e-12 | 3.26658 | 1.85854e-11
0.1 single trajectory fit Corr 1.12131e-12 | 0.862544 | 1.57308e-11
0.1 single trajectory fit three-point Corr 3.04654e-12 | 2.3435 | 1.86964e-11
0.1 5 trajectories average G directly 2.81276e-12 | 2.16393 | 8.20962e-12
0.1 | 5 trajectories average num and deno of G | 8.07951e-13 | 0.621192 | 8.13551e-12
0.1 5 trajectories fit Cov 8.07951e-13 | 0.621192 | 8.13551e-12
0.1 5 trajectories fit Corr 4.18006e-13 | 0.321543 | 7.17572e-12
0.1 5 trajectories fit three-point Corr 2.02914e-12 | 1.56088 | 8.54895e-12

Table 2.1: Different methods to to fit D. Actual D = 1.3 x 107!°. All methods use
the same set of 10,000 independent trajectories. T" = 0.1.

BOD

Figure 2.8: Histogram of I(to) draw from 10000 independent trajectories
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tative estimation of the convergence rate:

Cp

X (2) = 9() € 5

where FX(z) is the cumulative density function (c.d.f) of Z,, ¥(z) is the c.d.f of
standard normal distribution N(0, 1), p is the third moment E[X?].
For a fixed n, we define Y, = > | X;, and define the transformation g¢,(z) =

Vnoz +np, let Y ~ N(nu,no?), then we have

YN _ Y — |FX(2) — U(x &
[Fo (y) = F* (y)| = [F; () = ¥( )lsagﬁ.

The constant C' is shown to be 0.40975 < C < 0.4748. For FCS setup, we have

73/2p2] 73/2p2] 3/2p2]
= Fp——, E[i(t)}] = F? ———, =E[i(t)}] = F?
e [i(1)7] = F§ SB| p = Eli(t)’]

E[i()] SR TEw

Since 732721 < | B|, hence (E[i(t)])* < E[i(t)?], 0 = /Var(i(t) = \/E[z(t)Q] — (E[i(1)])* ~
VEi(t)?]. Thus,

w3/2p2] N,

Cp_ . C eBsvs N _ Ess __ 8C
o3vV/N /N (Wa/zrzl )3/2 N (%)3/2 3v3V/N,
8|B]

That is, for any time ¢, the deviation of the distribution of I(¢) from Gaussian is of

the order O(=-) rather than O(%) Therefore, it is not appropriate to approximate

L
Ne

I(t) by a Gaussian process.
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Remark 2. Fitting covariance gives the same D as fitting G when averaging * fOT I(t)I(t+

7)dt and + fOT I(t)dt separately.

Proof. We have seen that

1 1 1 E2N, 1

= Cov(r) = —2L-=¢ .
A4DT ’

Ne (1 —+ _) 1 + 4ZD27 8 (1 + 4DT) 1 + 4Dt

r2 12

In Cov function, we replace @ by C' and formulate the models as

Cov(r;; D, C) =

To Perform nonlinear least squares fit for G and Cov, we solve minimization

problems respectively

(D, Neg) = arg gn)n Ja(D,N,), where Jg(D,N,) = nz G(r) — G(r;; D, N,) 2
Ne i=1
(Deow, Coow) = ar(%rél)in Jo(D,C), where Jo(D,C) = i Cov(r;) — Cov(m; D, C)‘2
: i=1
(2.45)
For data, recall that
A o ket 2 IW () IW (¢ + 7) COV(T)'

Gavg(T) 5 —
(AT a3 1)) (D

That is, we have G(r;) = (I)? Cov(r;) for all 74, i = 1,...,n, with I not depending

on 7.

42



Also, let C' = (]{,—)j, then we have G(r;; D, N,) = (I)2Cov(r;; D, C).

Thus we have, Dg = Degy, Cov = dy

N ]

1traj G 1traj corr 5traj G

0.12 0.12 0.12

0.1 0.1 0.1

0.08 0.08 0.08

0.06 0.06 0.06

0.04 0.04 0.04

0.02 0.02 0.02

0 0 0

1 1.5 2 1 1.5 2 1 15 2
%1070 %1070 %1010
5traj cov 5traj corr
0.12 0.12
0.1 041
0.08 0.08
0.06 0.06
0.04 0.04
0.02 0.02
0 0
1 1.5 2 1 1.5 2
%107 %1070

Figure 2.9: Histograms of fitted D obtained by different methods. Actual D = 1.3 x

10710, All methods use the same set of 10000 independent simulated trajectories.
T=0.1

2.6 Sensitivity of diffusivity D

We would like to address the nonlinear least squares fit problem that arises in
FCS setup. We denote the parameters to be fitted by § = (D, N, Fy), and we solve

the minimization problem

0 = argmin .J(0), J(0) = / mm|Corr(7‘; 0) — Corr(7)|%dr, (2.46)
0

0>0
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where the model Corr(7;6) is given by

F2N, 1 F2N?
Corr(7; D, N,, ) = —2-° + e

8 (1 4 4DT) 1+ 457’ 8

r2

(2.47)

and Corr(7) is an observed trajectory of the correlation of the intensity data
. 1 /7
Cor(r) = / I)I(t+ 7) dr. (2.48)
0

Let 6 = (D, N,, Fyy) be the true parameter that governs the system, we have
E[Corr(7)] = Corr(r,0). Further, each realization of Corr(r) could be written as

Corr(7;8) plus a random perturbation (7, w)
Corr(t,w) = Corr(r;0) + 1(r, w). (2.49)

We shall justify that the minimizer 6 is well-defined in a local neighborhood

of the true parameter # when the perturbation 7(¢,w) is small.

Proposition 1. When there is no perturbation (i.e. Corr(r) = Corr(r)), then 6 =

~

is the unique minimizer of nonlinear least squares fit problem (2.46) with J(6) = 0.

Proof. Suppose there is § = (D, N,, Fy) so that J(6) = 0, we shall show that 6 = 6.
Since J(#) = 0 if and only if Corr(r;60) = Corr(r) for all 7 € [0, Tyaz], all we need

to show is that Corr(7; ) = Corr(7;8) for all 7 implies § = 6.
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Let g(t) := ——L——_ we could rewrite
g() (1+%) 1+;%&’

F2N,

FgNe

Corr(r; D, N, Fp) = 3

g(DT) +

When we take the first and second order partial derivatives with respect to 7 for

Corr(7; 8) = Corr(r;6), we have

F2N, F2N, , - - EF2N, 2N, . .
o 9(Dr)D = —=¢'(D7)D,  ——¢"(D7)D* = ===¢"(D7)D?
In particular, when 7 = 0
FO2N6 ! F()zNe / 2 F()2Ne " 2 FOQNE " 2
—5 9(0D=—"=¢ (0D,  ——¢"(0)D" = ——¢"(0)D".

Since ¢'(0) # 0 and ¢”(0) # 0, we have that D = D, F¢N, = FZN..

If we evaluate Corr(7;60) = Corr(r;0) at 7 = 0, we get

F2N, F2}N? F2N. F?N? F2N, EF2N, .
e = ¢ that i 14+ N,) = 1+ N.).
=t g gt g thatis, (14 Ne) = —o—(1+Ne)
Hence, N, = Ne, Fy= Fo. O

Now that we've shown § = @ is the unique minimizer when there is no per-
turbation, we shall use the implicit function theorem to show that 0 is well-defined
locally near # when a small perturbation 7 is in place. Note that the first order
optimality condition D.J (é) = 0 establishes a system of equations of the minimizer
6 and perturbation 7:

45



) ) )
G5 O =0, G 0)=0, Z2J(6)=0. (2.50)

Note that the cost function J = [™**|Corr(r;6) — Corr(7)|2dr involves per-
turbation 7(7,w) = Corr(r) — Corr(r; #), which is a random process of 7. Although
there are versions of the implicit function theorem in functional space, we conduct
our sensitivity analysis where 7 is reduced to a random vector. Karhunen-Loeve ex-
pansion decomposes a stochastic process into a collection of deterministic orthogonal
functions with the random coefficients. Using the first few terms of the truncated
Karhunen-Loeve expansion, we characterize the random process n by its coefficients,
which are time independent. This enables us to use the classical implicit function
theorem in a finite dimensional space.

We state two important tools we use: the implicit function theorem and the

Karhunen-Loeve expansion.

Theorem 2. (Implicit Function Theorem) Let F : R"™ — R™ be a continuously
differentiable function. We write points in R™™ in the form (x,y), where x =

(21, ..y n) €ER™ and y = (Y1, .., Ym) € R™ and denote

oF OF oF oF

Ox1 T Oxn oY1 T OYym
D,F = . D,F =

OF OFm OFm, OF

ox1 to Oy, oy to OYm

Fiz a point (a,b) with F(a,b) = 0. If D,F(a,b) is invertible, then there exists

an open set U C R™ containing point a such that there exists a unique continuous
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differentiable function g : U — R™ such that g(a) = b and F(x,g(x)) = 0 for all

x € U. Moreover, the partial derivative of g in U are given by
DyF|@g() Dg(x) = =Dz F | g()-

Dg(a) is particularly helpful to approximate the change in y under a small

perturbation in z:
gla+h) = g(a) + Dg(a)h  for h small.

Theorem 3. (Karhunen-Loeve Theorem [29, 34]) Let X : [0, tmaz] X @ — R be
a centered mean-square continuous stochastic process with X € L*([0, timaz] X ).

There exists an orthonormal basis {e;} of L*([0, timaz]) such that Vt € [0, tyazl,

X(t,w) = Z VA &i(w)eilt) in L*(9), (2.51)

where & are centered mutually uncorrelated random variables with unit variance and
are given by

1 tmax
) = o= / X (t,w)es(t)dt.

Hence, given a realization of the perturbation 7, we could truncate it by its the
first term of the Karhunen-Loeve expansion and characterize it by a single parameter

x1, that is,

n(1,w) = & (w, Ne, Fy) e1(DT) = x161(D7). (2.52)
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Recall the optimality condition (2.50),

9 50y =0, 20 =0, a%J(G):O.

where J = [™*|Corr(r; 0)—Corr(7)[2dr = [7"*"|Corr(; 0)—Corr(r; 0)—n(7,w)|*dT =

0
Jo 7 |Corr(7;0) — Corr(7;0) — 161 (D7) [*dr.

The optimality condition as in terms of § and z; could be viewed as F'(x,60) =
0 with £(0,6) = 0, so locally there exists an implicit function # = 6(z1) and we could
use that to approximate how the minimizer deviates under a small perturbation,

namely, 0(z,) = 6(0) + DO(0)z;.

We will then solve the linear system to solve for the sensitivity D6(0)

DyF(0,0) DO(0) = —D,F(0,0). (2.53)

2.6.1 Characterizing the Perturbation

We perform Karhunen-Loeve expansion for the process Corr(r) = z fOT I(t)I(t+
7)dt = Ep[I(t)I(t + 7)]. We estimate the covariance of Corr(r) via Monte Carlo
simulation. In Monte Carlo simulations, we take diffusion time 7, = 7.6923 x 1075,
time mesh for observed trajectories At = 1 x 107°, T = 0.09, and we try different
Tmaz Values.

We can see from Figure 2.10 that the largest eigenvalue captures overwhelming

majority (over 95%) of the energy of Corr(7). Thus, Corr(r) could be approximated

48



Lambda percentage, T = 0.09 . Lambda percentage, T = 0.5
p——— — * ¢ - s 2

¥
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0 0

Figure 2.10: The first £ eigenvalues over the sum of all eigenvalues. Zzzl AT =
0.09,T = 0.5.

by

Corr(7) = E[Corr(7)] + Z Vi &ei(T) = E[Corr(7)] + VA1 &ea(r (2.54)

Further, we notice that the eigenfunction corresponding to the leading eigen-
value is practically constant. Hence, we assume that the process C(;I'I'(T) deviates

from ]E[Cérr(T)] simply up to a random perturbation n that doesn’t depend on 7:

Corr(r,w) = E[Corr(7)] + n(w). (2.55)

Now we would like to address the nonlinear least squares fit problem. Letting

0 = (D, N, Fy),

minJ(@),  J(0) = /0 " \Corr (71 0) — Corr()|2dr, (2.56)

0>0
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where
N, FOQNE2
+ g
8(1+4 427), /1 + 457

Corr(7; D, N,, Fy) = Fy (2.57)

Proposition 2. Let § = (D, N,, Fy) be the true parameters that drive the stochastic
dynamical system. Suppose Corr(r,w) = E[Corr(7)] 4 1(w). For each given value of
n(w), the minimization problem has a unique global minimizer § with J(6) = 0. The

S AA N . A v 8n AR _ _foNe
minimizer § = (D, N, Fy) is given by D = D, N, = N, + men, o= FO,/F§N3+8n’

Proof. Substituting D = D, N, = N, + Fy = Fy—22Ne  into (2.57), we can

F2N’ F2N2+8
verify that,
Corr(r; D, N,, Fy) = Corr(r; D, N, Fy) + n = Corr(r), Vr > 0. (2.58)
To see this,
~ £ 2 42
P . N, Fy N,
Corr(1; D, N,, Fy) = FO2 + 20
8(1 + 4TDT) 1+ 4DT 8

2 2
_ (5t Nt i (Rl (N T
VESNZ +81) g(144pr) [1440r 8\ VEGNZ +8n ©OFEN

N, FZN?
= F} + +n = Corr(r; D, N,, Fy) + 1 = Corr(7).

8(1 + 47,?27) 4D’T 8

Since J(#) = [7"*"|Corr(r;0) — Corr(7)[?dr > 0, J(A) = 0, hence § is a global mini-
mizer. For any 6 # 0, the equation (2.58) fails to hold (due to the injective property
shown in Proposition 1), thus J(6) > 0, and 6 is the unique global minimizer. [

Note that this nice result that  is the unique global minimizer with J(§) =

o1
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is achieved under the assumption that Corr(r,w) = E[Corr(7)] +n(w). However, we
shouldn’t forget that this assumption is an approximation of the actual case that
Corr(7) = E[Corr(7)] 4+ 3232, VA &ei(7). So now we would like to take a closer look
at the KL expansion of the perturbation Corr(r) — E[Corr(7)].

Let us denote the truncated KL expansion of Corr — E[Corr(7)] by Sy, and the

remainder Ry,

k
Sk(T,w) = Z VA Gw)ei(T), (2.59)
Ry(7,w) = Corr(r,w) — E[Corr(7)] — Sk(T,w). (2.60)

In Figure 2.12, we show the first three modes of the KL expansion for three indepen-
dent realizations of CE)I"I"(T). In the left column, we plot the truncated KL expansion
(namely, the first mode S;(7), the first two modes Sy (7), the first three modes S3(7))
in comparison with the process COIIET, w) — E[Corr(7)]. We also plot the remainder
Ri1(7), Ro(7), Rs(7) compared with the perturbation Ry(7) = Corr(r, w)—E[Corr(r)]
in the right column.

Recall the KL expansion,

X(t,w) = Z Vi Ei(w)es(t) = Z zi(w)e(t)  in LX(Q), (2.61)

where

1
Vi

§i(w) = /Omar X(t,w)e;(t)dt

Now we look at the distribution of random variables z1, zo and z3. The standard
deviations of z1, 29 and z3 are o; = 0.4679, and oo = 0.0163, o3 = 0.0071, respec-
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Figure 2.12: Truncated KL expansion of trajectories of Corr(r,w) — E[Corr(7)] and
the remainders for three different sample trajectories.
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Figure 2.13: Distribution of random variables z;, 2o and z3

tively.

2.6.2 Solving for the Sensitivity

Having justified the characterization of the perturbation, we now go back to

the sensitivity problem where we need to solve the linear system

DyF(0,60) DO(0) = —D,F(0,0).

Here the function F'(z;,0) = 0 comes from the first-order optimality condition (2.50)

Then we use implicit function theorem to obtain a linear approximation é(a:l) =

0(0) + DO(0) .
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To be concrete, equation (2.50) is now reformulated as

Fi(x1,0) = %J(Q) = a%/o mm|Corr(T;9) — Corr(7;0) — e, (D7) |*dT = 0.
(2.62)
Fy(xq,0) = %J(Q) = (9]6\76 /0 mom|Cor1r(7'; 0) — Corr(7;0) — z1e1(D7)*dT = 0.
(2.63)
Fy(w1,0) = a%J(e) — a%) /0 " |Corr(r; 0) — Corr(7;8) — w1e1(D7)2dr = 0.
(2.64)
Recall that,
2 1 F2N2
Corr(7; D, N, Fy) = Fo e .
NG S AR R
2 2 A2
1
= Fo Neg(DT) + Fo N ,  with g(t) =
8 8 (1+ %), /1+ %

So

8 8 2 1+ r? 1445
F? 2F2N,
0Oy, Corr(T,0) = %Q(DT) % :
2FyN, 2FyN?
0O, Corr(7,0) = ; (DT) + ; -
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We could obtain that

Fi(x,0) = 2/ - (COI‘I‘(T; 0) — Corr(7;0) — z1e1(D7)
0

N——

FEN,
( 5 eg/(DT)T) dr = 0.

F? 2F2N,
<—Og(DT) + % ) dr = 0.

Fy(xq,0) = 2/ o <Corr(7'; 0) — Corr(7;0) — z1e1(D7)
0

N——

8
Tmax 2
Fy(x1,0) = 2/ (Corr(T; 6) — Corr(r;0) — xlel(DT)> (QF;Neg(DT) + %) dr = 0.
0
Tmax _ _ a F’QJ\]’e ,
8_91F1 x1,0 2/0 Corr — Corr(7;6) — a:lel(DT)>8—D ( 3 g (Dr)T ) dr
= F2N,
+2/ [Corr(r;0) — Corr(7;6) — z1e1(D7)] ( - g (D T)T> dr.
0
Tiaa _ _ N\ & [F2N,,
8_62F1 x1,0 2/0 Corr (1;0) — Corr(7;0) — xlel(Dr)) N, <OTg (DT)T> dr
Tmazx 2
+ 2/ 0 [Corr(7;6) — Corr(7;0) — z1e1(D7)] (F o Ve g (DT)T ) dr.
0 ON, 8
0 B Tmax ' = — o (FZN, ,
8—63F1(a:1, 0) = 2/0 (Corr(r, 0) — Corr(r;60) — :r;lel(DT)> R ( g Y (DT)T) dr
Tmax 2
+ 2/ 0 [Corr(7;6) — Corr(7;0) — z1e1(D7)] Fo Ve g (D7)T | dT.
,  OF, 8
Thus,

o, 2
0 Tmaz FOQNG = B maz ) Corr, -\ 2
9—1F1(0 ,0) = 2/0 ( g Y (DT)T) dr = 2/0 ( o, (T, 9)) dr.

Tmea (22 2FAN E°N,
§F1<0 0) —2/ <—§ 9(D) + = ) < ° eg/(DT)T> dr.
2 0

5 /0 " (aggr (+.0)) (age(’l” (+.0))dr




Tmas Y o 2 = 2 1
%Fl(() 0) =2 /0 <2F ;Neg(DT) + QFOSNB ) ( °8Neg’(Dr)r) dr

s [ () (L)

We could compute DyF5(0,0) and DyF3(0,6) in a similar manner, hence we can

write the Jacobian matrix DyF(0,0) as

DyF0(0,0) =
2 fy (25, 9)) dr, 2 fym (252 (r0)) (2522, 0) ) ar, 2 fy (25227, 0) ) (252, 0) ) ar
2 fy (252 (r.0)) (2522(7.0) ) dr. 2 fy (25, 9)) dr, 2 fym (252 (r.0)) (252270 ) dr
2 fymr (252 (r0)) (2522, 0) ) ar, 2 fy (25227, 0) ) (252, 0) ) ar, 2 fym (25 r ,é)) dr.

(2.65)
We shall show that DyF6(0,0) is positive definite from its own structure. We in-
troduce L2([0, Tyuaz|) functions fi, fo, f3 to be that fi(7) = ag;rr (7,0) fori=1,2,3.
Then the matrix M := DpF0(0,0) has the form M;; = (f;, f;). To see M is positive
semidefinite, let 2 € R? be arbitrary, we have

TMz = Z M;jziz; = Z (fiafj)zizj: Z (Zifivzjfj>

i,j=1,2,3 i,j=1,2,3 i,j=1,2,3

Zzzfl,Zz]f] >

=1

Moreover, note that zX Mz = 0 if and only if Z§:1 zi:fi = 0. Since fi, fo, f3 are
linearly independent functions in L*([0, Tynaz]), we know M is positive definite and
hence nonsingular. Hence the linear system DyF(0,60) DO(0) = —D,F(0,0) has a

unique solution.
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We compute the right hand side

210, ) 2fm”<—elDﬂ>Cf”% 0))dr

D.F(0.0) = |8(0,0) | = |2 [ (= ex(D)) (252 (7.0) ) dr (2.66)

220.0) |2f7 (= e(Dn) (252 (r6))dr

For Jacobian matrix DyF (0, ), we introduce a few L? inner product notations

for integrals. Let f,h,1,e: [0, Tynae] — R be given by

£(7) = g(Dr) = ——————
(1+487)4/1+ 4
h(r) = ¢/(Dr)r = = (),

Thus, we could rewrite

FgN, F2N,
9y, Corr(1,0) = —2-2¢'(D7)T = 08 h(7),
F? 2F¢N.  F} 2F2N,
0y, Corr(T,0) = %Q(DT) + % = f( ) + (é 1(7),
2Fy N, 2FyN? 2F N, 2F)N?
Oy Core(r,6) = —g=59(Dr) + =7 = =10+ =g 1(0)

We have previously shown that D=D,N,=N, + Fy = Fy—2LlNe g

\/ FEN2+8n

the unique minimizer to the minimization problem (2.46) provided that n(r,w) =7

F2N ’

independent of 7. Now in this sensitivity analysis setup, this case could be translated
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as 1 = z1e1(D7) with e; (D7) = 1. Solving the linear system with this particular
right hand side,

DyF(0,0) DO(0) = —D,F(0,6). (2.67)

we obtain the solution DA(0) = (0, ﬁ, —ﬁ). The DO(0) solution says, D =

D +o(z1), N, = N, + o + o), Fy=Fy — =555 4 o(z1). The results obtained
0-"e 0-'e

here from perturbation analysis agrees with the proposition we obtained earlier.

However, solving equation Dy F(0,0) DA(0) = —D,F (0, f) with a general right

hand side gives a complicated expression of DO(0).

8
F2N,

+ (e, h)(f, /)1, 1) = (e, (R, (1, 1)]/

[ = (e. (£, 1)* + (e, ), D)(h, 1) = (e, 1)(f, ) (h, 1) + (e, (£, 1) (R f)

21 =

[(f, £)(R1)* = 2(F, 1) (R, 1) (hs f) + (F, 1) (R, h) + (R, £)*(1,1) = (f, £)(h, h)(1, 1)

(2.68)

When we substitute a constant-valued function e = 1 into equation (2.68), we can see
that z; simplifies to 0. That is, under a constant perturbation n that is independent
of 7, the solution z; = 0.

We have obtained

D = D+ zxy + o(x1), (2.69)

where z; is the sensitivity coefficient given by (2.68), and z; is a random scalar that
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describes the magnitude of the perturbation

n(1,w) = & (w, Ne, Fy) e1(DT1) = x161(DT). (2.70)

n(t,w) = Corr(r,w) — Corr(r;0) = i:: zi(w)es(7) in L*(Q), (2.71)
with E[z;] = 0, E[ziz;] = 6\
Thus, we get
E[D — D] = E[z121 + o(z1)] = 21 E[z1] + o(x1) = o(zy). (2.72)

That is, if we only consider the first mode and neglect the error caused by lineariza-
tion, D should be an unbiased estimator of D. In the numerical experiments of
fitting 10* trajectories, we saw a small relative bias of 0.87% when T = 0.1, while
the bias gets larger for shorter T', namely, 1.64% for T' = 0.05, 3.95% for T' = 0.02,

and 7.37% for T = 0.01.

E[|D—D|?| = Var[D— D]+ (E[D—D))? = Var[zyz1 +o(z1)]4+0(2?) = (21)* M +0(x2).
(2.73)
First mode only accounts for 0.593% of the relative error. However, in the nonlinear

least squares fit experiments, we saw a relative error of 12.1% for T = 0.1. z; =
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—1.6476 x 107'2, /A1 = 0.468.
We check how well the linear approximation D = D4z +o(xy) from implicit
function theorem works on a local neighborhood. Here we use the perturbation of

the form

m (7, w) = z1(w)er (1) = Corr(r,w) — Corr(r; 0) (2.74)

where e;(7) is the leading eigenfunction, and we take a mesh of x; within the three
standard deviations. We compare the prediction D = D + z;2 derived from (2.74)
with the fitted D obtained from minimizing square errors. As Figure 2.14 shows,
this linear approximation is good in a local neighborhood when we only use the

first mode of the perturbation, so we might have to consider the influence of higher

modes.
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Figure 2.14: The error D — D against z; when Corr(r) = Corr(r; 0) + x1e1(7), with

11 € [=301,301] where oy = \/Var[z;| = /A, = 0.468
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Recall the (2.74) is an approximation of the Karhunen-Loeve expansion trun-

cated with only the first mode,

n(T,w) = in(a})ei(t) (2.75)

Previously, we have obtained A; > >/, A;, the first mode approximates the per-
turbation very well. So it is intuitive to think that n; ~ n should yield very close
solutions to the minimization problem (2.46). That is, Dy =~ D,

(Dl,Ne, Fo) = argmin Ji(D, N, Fp),
(D,Ne,Fo)

where Jy(D, N, Fp) = / | Corr(7,0) — Corr(7,0) — x1e1|*dr,
0

(b, NG,F’O) = argmin J(D, N, Fyp),
(D,Ne,Fo)

where J(D, N, Fy) = / | Corr(7,0) — C(SI"I"(T, 0)|%dr.
0

However, Figure 2.15 suggests that it doesn’t appear this way. It seems that although
the rest of the modes are small compared to the first mode, their influence on fitted
D seems nonnegligible.

Hence, besides the truncated n(7,w) = xj(w)e;(7) that only has the first
mode of the KL expansion, we could also look at a general perturbation n(7,w) =

Corr(r,w) — Corr(r; 0) coming from a simulated Corr trajectory.
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Figure 2.15: The error D — D against KL coefficient z; for general Corr data.
Perturbation analysis that only considers the first mode e; fails to capture a large
portion of the actual error.
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2.6.3 More Modes in Perturbation

When we consider the perturbation of the form

n(T,w) = Z zi(w)ei(T), (2.76)

Now the relation of the best fit § = (D, N,, Fy) and the perturbation data

x = (x1,...,z,) is given by the system of equations:

Fi(z,0) = a%‘](e) _ a% /0 " |Corr(r36) — Corr(r;0) — 3 ayeq(Dr)Pdr = 0.

(2.77)

Fy(e,0) = a%w) — a?v /0 " [Corr(r36) — Corr(r30) — 3 wieq(Dr)Pdr = 0.

i=1

(2.78)
0 o [Tmes I o
Fy(x,0) = a—elj(e) =35 ), |Corr(7;60) — Corr(r;0) — Y wie;(D7)[*dr = 0.
=1
(2.79)

Applying the implicit function theorem near the point (0,6), locally there exists

g :R" = R3 so that F(z,g(x)) = 0, and we could obtain the sensitivity of § with

respect to x by solving the linear system

DyF(0,0) Dg(0) = —D,F(0, ). (2.80)
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Note that DgF(0,60) is the same invertible matrix we computed before for a single
mode perturbation. The sensitivity Z := Dg(0) could be viewed as a block matrix

(Z.1, 2.2, ..., Z.,,], and the right hand side B := —D,F(0,0) = [By, ..., B,] with

9% (0, 6) E Sy (edDr)) (25 (7.0) ) dr

Bi= =D, F(0.0) = | 22(0,4)| = |27 (eiu}) (8;;”(7,5))617 . (281)

2(0,0)) |2 Jy7 (e D)) (25 (7.0) )ar

N———

We are particularly interested in predicting the error in D,

n

D=D+)" 091 (0)z; + o(||z])) = D+ > 2142 + of|z])). (2.82)

i=1 0z; i=1

where z; ; is obtained from solving linear system Dy F(0, 0) Z.,=Db;

8
F2N,

+ (e, DS, 1) (hy f) + (eq, B)(S, /)X, 1) = (eq, £)(h, £)(1,1)]

[=(es, W)(f.1)* + (e, /)(f, D)(R, 1) = (es, (S, £)(h, 1)

21,4 =

S P17 =20, D) (R, D) (hy )+ (f,1)*(h B) + (hy £)*(1,1) = (f, £)(R B)(1,1)].

(2.83)

Thus,
E[ﬁ—D] =E Zz“xﬁ—o(HaﬁH)] = o(||z]). (2.84)
E[|D — D] = Var[D — D] + (E[D — D))* = ) Nz, + o([|z]]%). (2.85)

We could compute the relative Ly error in D caused by the ith mode alone, and by
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the first i’s modes together. That is, under the perturbation n = x;e;, the relative

\/E[|D—D|? i+l 21,4
error RE; = Hﬁ - ﬁﬁ"z“'

the cumulative relative error RE; =

VE[D-D[2] _ />i_Ai(z1,
D - D

, and under the perturbation of n = 23:1 xje;,

2
) . We summarize the

predicted relative error using first six modes of KL expansion in Table 2.2. The

relative error in D obtained from fitting 10,000 simulated trajectories is 12.1248%.

We need to consider second and third modes to capture the error.

modes 1 2 3 4 5 6
21 —1.6476 x 10712 | —7.88178 x 10719 | 1.41486 x 1079 | —8.3639 x 10710 | 7.25645 x 1071 | 5.00278 x 10~1°
RE; (%) (ith mode alone) 0.593026 9.88288 7.70081 2.4555 1.33673 0.618167
REi (%) (first i modes) 0.593026 9.90066 12.5429 12.781 12.8507 12.8656

Table 2.2: Predicted relative error using first six modes of KL expansion.
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Chapter 3

Continuous-time Filtering in Stochastic Reaction Networks

Chemical reaction networks occurring at the intracellular level often have some
or all molecular species present in low copy numbers. As such, these are best modeled
by a discrete state Markov process in continuous time, where the state Z(t) €
77 of the process is the vector copy number of the molecular species at time t.
Fluorescence technologies can track the temporal dynamics of a limited number of
species, leaving a critical question of estimating the full dynamics from the partial
time-course observation data.

In this chapter, we consider the problem of estimating the state Z(t) from exact
and continuous observations of some of the states in time, and later Chapter 4, we
will investigate the case when observations are made in discrete time. Suppose that
the reaction network consists of n molecular species where the vector copy number
of ny of the molecular species may be observed exactly as a function of time over the
interval [0, ¢]. Based on this observation, we are interested in estimating the vector
copy number of the remaining n,; = n — ns species at time t. If we denote the vector
copy number of the observable species by Y (t) € Z'? and that of the rest of the
(unobservable) species by X (t) € Z%', then our goal is to compute the conditional

probability distribution

n(t,x) = P{X({t)=x|Y(s) =y(s), 0<s <t}
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for x € Z1}".

In Section 3.1 we briefly review the basics of stochastic reaction networks
and provide the filtering equations. We also introduce the useful unnormalized
filtering equations. In Section 3.2 we provide a Monte Carlo filtering algorithm
which generates a pair of processes (V,w) where V' has the same state space as X
and w is an associated weight process such that

B[4y (V1)) w(?)]
Ew()]

m(t,x) =

We also show how our algorithm can be easily adapted to do parameter estimation
based on exact partial state observation in a Bayesian framework and also how to
estimate the conditional probability of a past event based on the observations made

until a later time. That is, we show how to compute

P{X(t) = 2| Y(s) = y(s), 0 < s < T},

where x € Z' and 0 < ¢t < T, via an easy modification of our algorithm. In Section
3.4 we illustrate our algorithms via numerical examples and Section 3.5 makes some
concluding remarks and discusses future work.

As we shall describe in Section 3.1, the evolution equation for 7 (¢, ) is nonlin-
ear, and hence it is not possible to regard 7 (¢, ) as the (unconditional) probability

distribution of a Markov process. We shall define a nonnegative function p(¢,x)
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which satisfies a linear evolution equation and when normalized yields 7 (¢, x):

We refer to p(t,z) as the unnormalized conditional distribution and refer to the
evolution equations (3.8) and (3.9) for p(¢, ), that are defined in Section 3.1, as the
unnormalized filtering equations.

We shall show that p(¢, x) equals the expected value of a function of a suitably

defined Markov process (V (t), w(t)):

p(t, ) =E (L (V(1) w(t),

and thereby enabling an unbiased Monte Carlo estimate of p(t,z). Here, V has Z"'
as its state space (thus V' has the same state space as the unobserved species X)
and w is a nonnegative weight.

We provide a weighted Monte Carlo algorithm, also referred to as a particle
filter, that is tailored to chemical reaction networks. Our algorithm provides an un-
biased estimate of p(¢, z), the unnormalized conditional distribution. The algorithm
simulates Ny identically distributed copies of (V,w) where V' has Z'' as its state

space and w is a weight such that p(t, z) is estimated by

) = 57 L1V w0 )
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Thus, 7(t,x) is estimated by

S L (VO () w (1)
sz‘vzsl w®(t) .

7(t,x) =

Due to the division, 7 (¢, x) is not an unbiased estimator of 7 (¢,z). However,
by virtue of law of large numbers, as Ny — oo we expect 7(t,z) to converge to
7(t,x). In fact, Monte Carlo methods of filtering in most other contexts (discrete
time Markov chains, nonlinear SDEs etc.) also obtain the conditional probabilities
by estimating an unnormalized version and then normalizing.

Our weighted Monte Carlo method is concerned with the computation of the
conditional distribution of the unobserved species based on exact observation of some
species in continuous time. In reality, perfect observations are not possible. How-
ever, it is often reasonable to assume that the observation noise is discrete in nature
and hence the noise could be incorporated into the model via the introduction of
additional species and reactions. For instance, during fluorescence intensity observa-
tions, photons produced constitute a species and their production by a fluorescently
tagged molecule constitutes a reaction channel. The assumption of continuous in
time observation is less realistic. Nevertheless, if the sampling rate is high compared
to reaction rates, then we expect this to provide a good approximation. Moreover,
having an algorithm for the idealised baseline case of continuous in time observations
is expected to provide valuable insights into how to analyse and develop techniques

for the case of discrete time observations of a continuous time process.
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3.1 Stochastic Reaction Networks and Filtering Equations

We consider a stochastic reaction network with n molecular species and m
reaction channels. The process Z(t) € Z7 stands for the copy number vector of
the species at time t. The dynamics of the reaction network are characterized by
propensity functions a;j(z,c) where z € Z7 is the state and ¢ € RP is a vector of
parameters, and also by the stoichiometric vectors v; € Z" for j = 1,...,m. The
occurrence of a reaction event j at time ¢ leads to a state change Z(t) = Z(t—) +v;
and given Z(t) = z, the probability that a reaction event j occurs during (¢,¢ + h]
is a;(z,c)h + o(h) as h — 07. We shall adopt the convention that the process
Z(t) is right continuous and assume Z(t) to be non-explosive, meaning that there
are only finitely many reaction events during any finite time interval. For brevity,
we suppress the dependence on parameters except when we are concerned with
parameter estimation. It is well known[19, 21, 18, 21] that the time evolution of the

(unconditional) probability mass function

p(t,2) = P{Z(t) = 2}

is given by the Kolmogorov’s forward equations also known as the chemical master

equations (CME):

m

p(t,z2) = Z aj(z —vj)p(t,z — vj) — Zaj(z)p(t, z). (3.1)

j=1
We consider the situation where we make exact (noiseless) observations of the
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copy number of the last ny species in continuous time. We write Z(t) = (X (t),Y (¢))
where X (t) € Z' is the unobserved component of the state and Y (t) € Z}* is
the observed component of the state. Suppose we make a particular observation
Y (s) =y(s) for 0 < s <t fort > 0. We are interested in computing the conditional

probability

n(t,x) = P{X() =2 |Y(s) =y(s), 0 <s <t} VaoeZl. (3.2)

Let us denote by v} the first n; components and by v the last ny components
of vj for j =1,...,m and define the subset O C {1,...,m} consisting of observable
reaction channels, that is those that alter Y'(¢). Thus j € O if and only if v/} # 0.
We denote by U, the complement of O. Thus U consists of the unobservable reaction
channels.

We shall denote by ¢,k = 1,2,... the successive jump times of y(¢) and let

to = 0. Let’s define a®(z,y) and a¥(x,y) by

ao(may) = Zaj(xvy)7 al/l(x’y) = Zaj<$7y)> (33)

jeo Jjeu

which are respectively the total propensity of the observable and the unobservable

reactions. For each k£ € N define Oy by

Or={j € O|v] =y(tr) —y(tr—)}.

Thus O, is the subset of observable reactions that are consistent with the observed
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jump y(tr) — y(tx—) = y(tx) — y(tx—1) at time .

The time evolution of 7(¢, x) follows a system of differential equations in be-
tween jump times t; and at the jump times 7 (¢, z) undergoes jumps. A rigorous
derivation of the evolution equations for 7 (¢, x) for finite state Markov processes is
given in [10], and [12] provides a proof for potentially infinite state space assum-
ing non-explosive condition. Here we provide a more intuitive derivation in the
Appendix. We summarize these equations which we call the filtering equations here.

For £k = 0,1,..., and for ¢, <t < t;,1, 7 satisfies the following system of
differential equations:

() =Y wlte —v)a;(x — v y(ty) = Y wlt, @) a;(z,y(t)

Jjeu JjeU

(3.4)
— 7(t, z) <a%, y(te) — > a®(@, y(t))m(t, f)) Vo € ZM
and for £ =1,2,..., and at times t;, 7(¢,z) jumps according to:
ay(x — v, y(tp_1)) m(tpr—, x — V]
(e, ) = Zle@k 1t 15 y(t-1)) (1t ) Vi e 7, (3.5)

> i 2ico, @@ y(tr-1)) T(tr—, 7)

We note that 7(t, z) is right continuous since by our convention the process Z(t) is
right continuous and as a consequence the observed trajectory y(t) is right contin-
uous as well.

Since we are interested in the case where the state space of the system of
ODEs (3.4) is either an infinite or a very large finite subset of Z, a direct solution

of this equation is not practical. Instead our goal is a Monte Carlo simulation. Our
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Monte Carlo algorithm involves generating a trajectory V(t) with same state space
Z7' as X(t), along with a weight trajectory w(t), such that at any time ¢ > 0 and

for x € 7!

E[w(t) 1y (V(1))]
E[w(t)]

m(t,x) = (3.6)

We note that, given a set A, 14 is the indicator function of the set. In practice,
from a sample of N, identically distributed trajectories V' along with weights w

for i =1,..., Ny, 7(t, x) is estimated by

SN L (VO (1) w ()
S wi ()

7(t,z) = (3.7)

Since (3.4) is not linear, 7 cannot be interpreted as the probability mass func-
tion of some Markov process. However, we can define a related quantity p(t, ) which
evolves according to a linear equation and can be related to a Markov process. We
define p(t,z) to be a nonnegative function that satisfies the unnormalized filtering
equations defined as below.

For £k =0,1,... on the interval ¢, <t < t;1, p(z,t) satisfies

ptx) = plt,x—vh)aj(e — v y(te) = > plt,x) aj(x, y(t)

jeu Jjeu (3.8)

— p(t,x)a®(z,y(ty)) Vo €.

For k =1,2,... at jump times t;, p(t, x) jumps according to

p(ty, z) = —— Z aj(r — vy, y(te—r)) plte—, o — 1) x € Z}. (3.9)
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We note that |Oy| is the number of reaction channels in the set O and this is
non-zero. Let p(t) = > . p(t,Z). It is shown in Appendix A.2 that 7 is given by
m(t,x) = p(t,z)/p(t). In the next section we shall see that an appropriate stochastic
interpretation of p(t,x) leads to the stochastic simulation algorithm to generate V'

and w such that

E[Linp(V(®) w(t)] = p(t, ). (3.10)

3.2 Monte Carlo Algorithms

3.2.1 Weighted Monte Carlo and Resampling

In Section 3.2.2 we shall define a pair of processes (V,w) with state space
Z73' x [0,00) such that (3.10) holds where p satisfies the unnormalized filtering
equations (3.8) and (3.9). The estimation of 7 (¢, x) is accomplished by simulating
Nj identically distributed copies of the pair of processes (V, w) and estimating 7 (¢, x)
via (3.7).

We note that this type of procedure differs from the most common form of
simulating a reaction network via Ny i.i.d. trajectories, say Z and then estimating

E[e(Z(t))], the expectation of a function ¢ of the state via the sample average
1 &
=3 e(z9)).
5 =1

In this most familiar form of Monte Carlo simulation, all trajectories are weighted

equally. In our situation, the Monte Carlo algorithm involves a weighted average.
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The weights carry information about the relative importance of trajectories of V.
Corresponding to the sample (V®, w®) where i = 1,..., N,, we may associate

the (random) empirical measure (mass) M (t) at time ¢ given by

M(t) == w(t) Syw, (3.11)

where ¢, stands for the Dirac mass or unit point mass concentrated at x € Z"'. If
we choose (V,w) to satisfy (3.10), then for each z € Z"" the expected value of the

empirical measure of the singleton {z} is p(t, x):

EM @) ({x})] = p(t, z). (3.12)

The fact that the weights may grow (or decay) unevenly as time progresses
leads to two different issues. The first issue is that the simulation may run into
numerical problems where some weights become very large while others become
very small, exceeding the finite precision of the computer. Especially, very large
weights will become Inf in the finite precision representation of the computer, ren-
dering computations impractical. The second issue is more fundamental and is
unrelated to the finite precision nature of computations. The accuracy of the Monte
Carlo estimate of 7(¢,z) depends on the variance of w(t) as well as the variance of
L3 (V(t)) w(t) and also the covariance between these two terms. If the algorithm
allows for a large variance in w(t), naturally this would have negative implications

for the accuracy of the estimate.
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In order to avoid these issues, one may resample the empirical measure at
certain time points to produce a new empirical measure that is still the sum of N,
Dirac masses but with equal weights. By resampling, we mean the creation a new
weighted sample of size N, from an existing weighted sample of size N, that captures
the information in the original sample. In particular, if an empirical measure M (t)
at time t is resampled to produce another empirical measure M (t), then we want

the resampling procedure to satisfy the basic condition that

E[M (t)({z})] = E[M()({z})] Va e Zl. (3.13)

In order to maintain above requirement, the resampling procedure itself introduces
extra randomness which in turn can result in loss of accuracy. Thus the frequency
with which resampling is performed will be an important topic of investigation. We
also note that the resampling procedure introduces dependence among the sample
trajectories. Thus, while (V® w®) for i = 1,..., N, are identically distributed, the
collection is not necessarily independent.

Suppose that at time t, > 0, we have simulated pairs (V@ (t,),w®(ty)) for
i=1,...,N,, and we resample to produce a new set of pairs (VO (ty), 0" (t,)) for

1 =1,...,Ns. Then we shall have that for all < and j,

E[111 (VP (t0)) @9 (to)] = E[1(ay (VP (t0)) w (to)],

and w9 (tg) = 1 for j = 1,..., N,. The consequent evolution of (VW(t), w0 (t)) for
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j =1,..., Ny (which we shall rename (V) w®)), will proceed in a conditionally
independent fashion until the next resampling.

We shall employ a particular resampling algorithm described in Refs. [4] and
[11]. This is given in Algorithm 4 and involves regarding each sample point/particle
as giving birth to a number (possibly zero) of offsprings. It is most convenient to
think of this algorithm as propagating N, particles so that at time ¢, the ¢th particle
is situated at location V@ (t) € Z}' and has weight w®(¢) > 0. When resampling
occurs at say, time to, Algorithm 4 considers the weight of each particle 7 and assigns
a random number o) € Z. of offsprings to the particle. The number o is chosen
such that E[o® |w®(¢y)] = w(t;) and subject to the condition that the total
number of offsprings of all particles is Ns. Each particle ¢ is considered “dead” after
it gives “birth” to o offsprings each of which start at the same location V@ (t,)
as its parent and with weight w¥(ty) = 1. Subsequently all the offsprings evolve
independently. We refer the reader to [4] (Section 9.2) and [11] regarding further
details of a specific version of this algorithm that is also used by us and described

in Algorithm 4.

3.2.2 Processes V and w

In this section we define a pair of processes (V,w) where V(t) € Z' and
w(t) > 0 as follows. We initialize V' (0) with the same distribution as that of the
initial state X (0) = z¢ and set w(0) = 1. In between jump times, that is, for ¢, <

t < txy1 where kK = 0,1,..., the process V is evolved according to the underlying

78



reaction network with all observable reactions removed. Thus only the copy number
of the first n; species can change during (¢, tx.1). Moreover, for t;, <t <ty where

k=0,1,..., the weight process w(t) is evolved according to

() = wite) exp { = [ a0V (5) () s} (3.14)

ty

Equivalently, we note that w(t) satisfies the ODE

for t, <t < tpy1 (at t = t; the right-hand side derivative is considered). At jump

times ¢ =t for k = 1,2,... the process w(t) jumps as follows. For j € O, set

1

w(ty) = w(ty—) aj(V(tk—), y(tk—1)) with probability o (3.15)
k
Moreover, at jump times ¢ = ¢ for k = 1,2,... the process V() jumps as follows.
For 5 € Oy, set
1
V(ty) = V(ty—) + v with probability O (3.16)
k

We note that if a;(V (t,—), y(tx—1)) = 0 for the chosen j € O, it may be possible that
V (tx) is assigned an infeasible state, that is a state that has negative components.
However, at the same time w(t;) would be zero and hence the value of V(¢;) would

not matter.
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Our goal is to show that

B[l (V1) w(t)] = p(t, x)

for all ¢ and x, where p is defined by (3.8) and (3.9). The following two lemmas

basically establish that.

Lemma 4. Let V and w be defined as above, and let p defined by

p(t, ) = ElLy (VD) w(t)] (3.17)

If V' is non-ezplosive then p(t,z) satisfies (3.8) on ty <t < tpi1.

Proof. As a function of ¢, 11,1 (V (¢)) is of bounded variation and piecewise constant
on every bounded interval of time. Moreover, w(t) is absolutely continuous in t.
Thus we may write for ¢y <t < g

(V) wlt) = 1) (V) w(te) + [ L (V) w/(s)ds

ty

+ ) w(s) (1 (V(s) = Ly (V(s—))

t<s<t

1y (V1) w(ty) — / 1y (V(8)) w(s) a®(V (s), y(ts)) ds

ty

£35S w(s) (L (Vis—) + 1) = L (V(s—)) (Ry(s) — Ry(s—)),

JEU tp<s<t

where R; is the process that counts the number of firings of reaction channel j

during (0, ¢]. Since the stochastic intensity [8, 3] of R; is given by a;(V (t—)), taking
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expectations we obtain

o(t,2) = plta +ZE[/ L (V(5) + 1) — Ly (V(8))) w(s) a;(V (), y(te) ds

Jjeu

B[ [ 1V w0 () p(e)) ds].

Using Fubini and differentiating with respect to ¢, We obtain that

(t,2) = Y El(Lp(V (1) + 1) = Liap (V1)) ay(V (1), y(te)) w(t)]

Jjeu
— E[Ly (V1) w(t) a®(V (1), y(te))]

= Ellpwn (V(E) aj(@ - | =Y Bl (V) a5(z, 1)) w(t)]

Jjeu jeu

— E[lmy (V1) w(t) a®(z, y(te))]

= plt,x =) aj(x — v y(te) = Y p(t,x) aj(z, y(t)) — plt, x) (¢, ),
jeu jeu
which agrees with (3.8). O
Lemma 5. Let k € {1,2,...} and suppose

E[lgy (V(te—)) w(ts—)] = p(tr—, )

for all x. Then

B[l (V () w(ts)] = p(te, )

81



Proof. Tt follows that the conditional expectation

E[w(ty) 1y (V () | w(te—), V (te—)]

= @ Z w(ty=) aj(@ = v, y(tr-1)) Loy (V ()

J€Ok

Taking expectation, we obtain

Elw(te) Ly (V ()] = 777

The result follows from (3.9).

From the above lemmas and mathematical induction, it follows that

E[ly (V(#) w(t)] = p(t, ),

for all £ > 0 and z.

Algorithm 1 describes the overall filtering algorithm whereas Algorithm 2 de-

scribes the continuous evolution and Algorithm 3 describes the jumps at observed

jump times t;. Algorithm 4 describes the resampling via offsprings [4]. We observe

that in Algorithm 1, resampling is only performed at the observed jump times ¢

and not necessarily always. In Section 3.4.5 we numerically explore different resam-

pling strategies. One extreme option is always to resample at t;, the other extreme

is never to resample. The third option is to resample at t; if either the number of

zero weights among the N, particles exceeds a predetermined number or if the ratio
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of the largest weight to the smallest non-zero weight among the particles exceeds
a predetermined value. If resampling is not performed at ¢, then the weights are
rescaled so that the average weight is 1. This latter step prevents all weights from
growing to be too large or too small. We also note that it is possible to consider
resampling at time points which may not coincide with the observed jump times t.
However, since the only point in time where some weights may become zero is at
the jump times t;, it makes sense to consider the jump times as the points in time

to determine if a resampling step is required.

Algorithm 1 Overall scheme
1: Input:  Jump times of Y (fy,...,fn,) and observed Y at jump times
(y1,...,yn,). Initial distribution po for X(0) = =z, parameter value ¢, final
time 7', filter sample size N.

. Generate N i.i.d sample from sy and assign to V... V) Set w® =1 for
i=1,..., N,

[\

3 k=1,t=0,y=1yp

4: for k=1 to N; do

5: for i =1to N, do

6: (V_(i), w?) = Continuous-evolution(V® w® ¢t vy, c)
7: V@, w®) = Jump(VY, w?, y, yr, c)

8: end for

9: if resampling then (V, w) = Offsprings(V, w)
10:  else rescale w so that S0 w® = N,

11: end if

12: Set t =1, y = yr

13: end for

14: for i =1 to N, do
15: (V® ) = Continuous-evolution(V® w® ty T, yn,, c)
16: end for

3.2.3 Treating Parameters as Random Variables

In general, the propensity functions a;(x,y) depend on a vector ¢ of param-
eters, thus a; = a;(z,y,c) where ¢ € RP. Here we consider a Bayesian framework
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Algorithm 2 Continuous evolution
1: function CONTINUOUS-EVOLUTION(Vp, wo, to, tf, Y, €)

2 Assume unobservable reactions are numbered 1,2, ..., m,
3 Assume observable reactions are numbered m, + 1,...,m
4: SetV:Vo,w:wo,t:tO

5: while t < ¢; do
6

7

8

9

for y =1 to m, do
Set \; = a;(V,y,¢)

end for
; Set A0 = Y
10: Set AY =37\
11: Generate T ~ Exponential(\Y)
12: if t+7 <ty then
13: Generate u ~ Uniform[0, 1] ' ‘
14: Find j € {1,...,m,} such that >3-\, < uX/ < 377\
15: Set V.=V +v]
16: end if
17: Set t, = min{t + 7,5}
18: Set w = w x exp{—(t, —t) \9}
19: Set t =t,
20: end while
21: return (V,w)

22: end function

for inferring the parameters ¢ from the observation Y(s) = y(s) for 0 < s < t.
This involves treating ¢ as a random variable, or rather a stochastic process C(t)
which remains constant in time ¢t > 0. Thus, we may “absorb” C(t) into X (¢),
thus expanding the unobserved components of the state by p extra dimensions. The
Bayesian framework involves starting with a prior distribution i on the parameter
space RP. Then we compute the posterior distribution probability mass/density

function 7(t, z, ¢) which is characterized by

PIX(H) = 2,C(t) € A|Y(s) = y(s), 0 < s < 1} — / (o) de
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Algorithm 3 Jump

10:
11:
12:
13:
14:
15:
16:
17:

1
2
3
4:
5:
6
7
8
9

. function Jump(V_,w_,y_,y,c)
Assume unobservable reactions are numbered 1,2, . ..
Assume observable reactions are numbered m,, + 1, ...

7mu

,m

Find indices j € {m, + 1,...,m} that satisfy v}/ =y —y_.

Let above indices be stored in array J of length L.
for i =1to L do
Set \i = ayu)(V-,y-,c)
end for
if L > 1 then
Generate u ~ Uniform[0, 1]
Letie{l,...,L} besuch thati — 1 <ulL <
else
Set 1 =1
end if
Set V=V_+ I/}(i)
Set w = w_ A
return (V,w)

18: end function

Since the parameters are distributed continuously, the filtering equations (3.4) and

(3.5) need to be modified as follows.

system of differential equations:

which holds for all x € Z"' and ¢ € RP. At times ty,

Jeu jeu

W(t,x,c)( (z,y(ty), /Za (Z,y(ty),

m(ty, x,c) =

Zleok ay(x — v, y(te—1),c) m(ty—, @

For t, <t < ty1, 7 satisfies the following

"(t,z,¢c) Zﬂ' ¢)aj(x —vj,y(te), c Zﬂ' (t,z,c)aj(x,y(ty), c)

(t,a?,é)dé) :

(3.18)

7(t, z,c) jumps according to:

_Vl/ac)

which holds for all x € Z'' and ¢ € RP.
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Algorithm 5 describes the Monte Carlo algorithm to generate a weighted sam-



Algorithm 4 Offsprings

1: function OFFSPRINGS(V, w)
2: We note that V' = (13, ..

S Va,) and w = (wy, ..

.,wy,). We denote [z] by

the integer part of a number x, while {z} = x — [z] the fractional part of x.

3: Normalize @; = w;/ SN | w;.

4: Simulate i.i.d random variables u; ~ Unif[0,1], for i =1,.... N — 1
5: Initialize g = N,h = N

6: fori=1to N —1do

7 if {Nw;} + {9 — Nw;} <1 then

8: if u; <1— ({Nw,}/{g}) then

9: 0; = [Nwz]

10: else

11: 0; = [Nw;] + (h — [g])

12: end if

13: else

14: if u; < 1 — 7551 then

g}

15: 0; = [Nw;] + 1

16: else

17: 0; = [Nw;] + (h — [g])

18: end if

19: end if
20: end for
21: We now have o; copies of particle i at location V®. Reindex the positions

of the particles as v (t), vo(%), ..., vy (?)
22: return (V,w)
23: end function

ple from the posterior distribution for the parameter. Having computed C'® and

w® for = 1,..., N,, we may estimate the posterior mean C' and standard deviation
oc by
_ Ns 0@ @)
21:51 w®
and

2
(o) =
C N, i
> iy w
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Algorithm 5 Overall scheme for Bayesian inference
1: Input: Jump times of Y (#,...,fy,) and observed Y at jump times
(y1,--.,yn,). Initial distribution po for X(0) = =z, prior distribution g for
parameter ¢, final time 7', filter sample size V.
2. Generate a sample o from o and a sample ¢ from . Set VO =z, w® =1,
CW =cfori=1to N,

3 Setk=1,t=0,y=1yo

4: for k=1 to N; do

5: for i =1to N, do

6: (V_(i), w(_i)) = Continuous-evolution(V®, w® ¢ t;,y, CW)
7: VO, w®) = Jump(V?, 0, y, yy,, CD)

8: end for

9: Set U = (V@O CW) fori =1 to N,

10: if resampling then (U, w) = Offsprings(U, w)

11: else rescale w so that Zfil w® = N,

12: end if

13:  Set (VW CW)=U® fori=1to N,

14: Set t =1, y = yi

15: end for

16: for i =1 to N, do

17: (V@ w®) = Continuous-evolution(V® w® ty T, yx,,CD)
18: end for

3.2.4 Estimating Past State

Besides the real-time update of the conditional probability mass function
w(t,x) = P{X(t) = z|Y(s) = y(s),0 < s < t}, we would like to look back
and consider estimation of the state at time ¢ with the observation made until a
later time T'. A special case is when the initial state of the system is not known
precisely, but rather a prior distribution is the best of our knowledge.

To tackle the problem of finding

P{X(to) = = |Y(s) = y(s), 0 < s < T}

with 0 <ty < T, we expand the state of the underlying process as (X, X, YY) where
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X is simply a copy of X until time t, and there after X (¢) remains fixed at the value
X(to).

The process (X, X, Y') with state space Z"* x Z7}* x Z"* will be a piecewise time
homogeneous Markov process in the sense that on the interval [0, o] it will evolve
according to a certain reaction network and during (o, T'] it will evolve according to
a different reaction network. During [0,#o] whenever X jumps by v, X also jumps
by 7, = v}. However, during (to, 7] the stoichiometric vectors 7; corresponding to
X are all zero indicating no change in state. Based on this, the original filtering
equations (3.4), (3.5), (3.8) and (3.9) are still valid for this extended process. We
are simply estimating

P{X(T)==xz|Y(s)=y(s), 0<s<T}

which equals

P{X(ty) =x|Y(s) =y(s),0<s<T}

since X (T) = X (to). Algorithm 6 describes this.

3.3 Estimation Error

In this section, we discuss two notions of error in state or parameter estimation.
The first is a measure of the error in the estimated conditional distribution and the
true conditional distribution while the second is the L? error in estimating the state

or a parameter.
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Algorithm 6 Past state estimation

1:

e e e e T e e T e
ISR A vl =

18:
19:
20:
21:
22:
23:
24:
25:
26:
27: (V® w®) = Continuous-evolution(V® w® t T yy.  c) fori=1,---

Input: Jump times of Y (#,...,fy,) and observed Y at jump times
(y1,-..,yn,). Initial distribution py for X (0) = zo, parameter value ¢, inter-

mediate time tg, final time 7', filter sample size N,.

Set k=1,t=0,y =10, k1 = max{k : t, <to}.
for k=1to k; do
for i =1to N, do
(V_(i), w?) = Continuous-evolution(V® w® ¢ t,, vy, c)
(VO w®) = Jump(V?, w®, y, ys, ¢)
end for
if resampling then (V, w) = Offsprings(V, w)
else rescale w so that 3 w® = N,
end if
Set t =t, y = Y
. end for
(V® @) = Continuous-evolution(V® w® t ¢4, yy, ,c) for i =1,

:Set VO = V@ for 4 =1,---, N,
: for k=k +1to N, do

for i =1to N, do
(V_(i), w?) = Continuous-evolution(V® w® ¢ t,, vy, c)
VO, w®) = Jump(VY, 0, y, yp, c)

end for

Set U = (V@ V@) fori=1,..., N,

if resampling then (U, w) = Offsprings(U, w)

else rescale w so that 3. w® = N,

end if

Set (V@ V@) =U® fori=1,..., N,

Set t = tg, y = Yk

end for

, N

, N

We first note that the conditional distribution 7(¢,z) is a function of the

observed trajectory of Y from 0 to ¢. For clarity, we write 7(t,z,Y]oy). Likewise,

we write 7(t,x, Y]o,) for the estimator.

In order to measure the error between the estimated conditional distribution

and the true conditional distribution we introduce the mean total variation error
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(MTVE):

MTVE =E [ Y |#(t,2,Ypy) — 7(t,z,Yon)l | - (3.22)

mean

We also introduce the conditional mean total variation error (CMTVE):

CMTVE =E Z| #(t, 2, Yog) — 7t 2, You)| | Ve | (3.23)

mGZ

where ) is the o-algebra generated by the observed process Y up to time t. The
reader unfamiliar with o-algebras may regard this as condition on the trajectory of
Y up to time t. Thus, CMTVE is a function of the observed trajectory. If we are
estimating conditional density of a parameter as opposed to state, the summations
in the above definitions need to be replaced by an integrals.

On the other hand, instead of attempting to describe the entire conditional
distribution for the (unobserved) state or a parameter, one is frequently interested
in obtaining a point estimate. The ideal point estimate of the unobserved state X ()
is the conditional expectation E[X (¢)|)}]. In practice one estimates the latter via

the estimator £(t) defined by

£(t) = SN VO W ()
D RCIO

(3.24)

Thus the estimation error is given by e(t) = £(t) — X(¢). The quantities of inter-
est are, the conditional bias Ele(t)|)}], the bias E[e(t)], the conditional L? error

(E[e2(t) | Y,])"/? and the L? error (E[e?(t)])"/2.
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It is instructive to split e(t) as
e(t) = (£(t) — E[X (1) [N]) + (E[X (@) [ V] = X (1))

We make the important observation that £(t) and X (t) are independent when con-

ditioned on Y,;. Hence

E{ (£() - EX () (EX 0] - X)) | %1
—E{(£() — E[X (1) 0] ) v} E{ (BEIX01V] - X () ‘ V}=0.

Hence we may expand

E[e(t) | V] = E [(£(t) - EX(1)IVi])” 2] +E [EIX($)V] - X (1) |V] (3.25)

=E[(E(t) —E[X@)N])* | V] + Var [X(2) | V]
We observe that the second term depends only on the filtering problem and not on
the filtering algorithm, while the first term depends on the filtering algorithm. We
expect as the filter sample size N, approaches infinity the first term to approach

zero in some sense. Taking expectation on (3.25) we obtain that
Ele*(t)] = E[(£(t) — EIX(8)|Vi])°] + E[Var[X () | Y]], (3.26)

where as observed earlier, the second term depends only on the filtering problem
and provides a lower bound on the L? error.

In situations where observations are obtained via simulations as is the case in
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this paper, we do know the true value X (¢) of the unobserved state and thus E[e?(t)]
may be estimated as follows. We simulate the original system via the Gillespie
algorithm N, independent times to obtain (XM, Y M) .. (XW) Yy (™)) For each
such simulation j, we run the overall filter algorithm (with some sample size Nj)
for the observed trajectory Y9 to record &;(t), the filter estimate of the conditional

expectation. Then we may estimate E[e?(t)] as

NZre - X0

On the other hand, for any given observation trajectory, estimation of the
conditional error E[e?(¢)[)}] is harder even in situations as in this paper where
observations are generated via Monte Carlo simulations. If the filter sample size
N, is very large, we may be justified in approximating E[e?(t) |)4] by Var[X (¢) | V]
according to (3.25). This suggests the following estimation of E[e?(t) | 4]. Generate
an observation Y of one trajectory and apply the filter with sample size N, once to

obtain an estimate V(t) of Var[X (¢) |):]. Here

(3.27)

vy = SRR (zz AROTL >>
Zz 1w (t)

3.4 Numerical Examples

In this section, we illustrate the filtering algorithms via examples. In all ex-
amples, observations were made by simulation of the underlying reaction network

using the Gillespie algorithm [19] to obtain one or more independent samples of
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(X,Y), the unobserved and observed trajectories. Then the filtering algorithms

were applied to the observed trajectories.

3.4.1 A Linear Propensity Example

We consider the simple reaction network

S5 S+ A,
-2 8, (3.28)

S = o,

consisting of two species and three reaction channels and assume mass action form
of propensities. Thus the propensities are given by a1(z) = ¢122, as(z) = ¢9, az(z) =
C329.

First, consider the case where the copy number of species S is observed exactly
while the species A is unobserved. Thus, Z(t) = (X (¢),Y (t)) = (#A(t), #S5(t)). In
this situation, since the second two reaction channels alone determine the copy
number of S, the conditional probability density function (¢, z) could be computed

exactly as
e

m(t,x) = o

where \ = f(f cry(t)dt. With initial state #4 = 0 and #S = 5, parameter values
¢ = (1,5,1), and filter sample size N, = 10,000, we ran Algorithm 1, and Figure 3.1
shows the comparison between the conditional distribution computed by the filter

with the exact conditional distribution. In order to estimate the CMTVE defined
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Figure 3.1: The conditional distribution of the number of A at time 1" = 20 con-
ditioned on one observation of the entire trajectory of the copy number of S on
the interval [0,7], in the linear propensity example. The estimated conditional
distribution 7(7,z) and the exact theoretical conditional distribution 7 (7', z) are
shown.
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by (3.23), with same initial state, parameter values, final time 7" = 20, filter sample
size N, = 10,000, and the same observation trajectory, we ran 100 simulations of
algorithm 1. From this we estimated CMTVE for the algorithm to be 0.0475 with
a 95%confidence interval of [0.0461,0.0488].

We also tested the filter’s performance on point estimation. To compare esti-
mated state £(t) with the actual state X (¢), as described in Section 3.3, we generated
N, = 500 independent realizations of the system (X,Y’), and applied the filtering
algorithm with filter sample size N, = 1000 to get an estimate £(t) for each of the
realizations. Figure 3.2 shows a scatter plot of the values of £(T") against X (7). We
note that £(T") is a biased estimator whose bias is expected to approach zero as N
tends to infinity. The fact that the regression line does not have slope 1 is due to
this as well as due to finite sample size of NV,.

Next, with the same system, we considered observing species A rather than
species S. So Z(t) = (X (1),Y(t)) = (#S(t),#A(t)). We kept the initial state and
parameter values of ¢; and c3 to be the same as before and performed a Bayesian
estimation of parameter c,. Thus we considered ¢y as a random variable Cy with a
uniform prior distribution on [4,6]. We randomly generated a sample of N, = 1000
values of Cy following uniform distribution [4,6] and generated one observation
trajectory Y for each value of Cs. Then we applied Algorithm 5 to compute Cy(t),

the filter estimate of E(Cy|Y;) (see (3.20). The result is shown in Figure 3.3.
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Figure 3.2: Scatter plot of the point estimates £(T') of the copy number of species
A at T = 20 (based on the observation of species S on the interval [0,77]) against
the actual copy numbers X (7') in the linear propensity example. In each trial, a
realization of the system (X, Y’) was generated, and we computed the point estimates
E(T) of the copy number of species A at time T based on the trajectory of species
S. 500 independent trials were performed. The dashed yellow line is the regression
line and solid red line is the line with slope 1. The bias is —0.2810 with a 95%
confidence interval of [—1.20427,0.642256] the estimated L? error is 10.3159 with a
95% confidence interval of [9.58143,11.0014].
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Figure 3.3: (a) A scatter plot of Cy(40), the estimated value of Cy (based on the
observation of the copy number trajectory of species A on the interval [0, 40]), against
the actual value of (5 in the linear propensity example. In each trial, we randomly
generated a value of Cy following a uniform distribution on [4,6] and simulated
the full system to generate an observation trajectory of species A. Then we applied
Algorithm 5 to compute C(40), where a uniform (prior) distribution on the interval
[4,6] was endowed. Filter sample size was Ny = 1000 and trial size N, = 500. (b)
The bias E[Cy(T') — Cy] as well as the L? error E[(Cy(T) — C5)?]'/? (along with 95%
confidence intervals) are plotted against T. Decreasing L? error with T suggests
that longer observations lead to better estimations.

3.4.2 Genetic Circuit Example

We consider a genetic transcription example [38] where a protein A encoded
by gene D, could bind with its own gene promoter to enhance or suppress its

transcription:

Dy+ A D),
D)y == Dy + A,
Dy -5 Dy + A, (3.29)
Dy =% D)+ A,

A2 o
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Let Z(t) = (#Da(t),#D's(t),#A(t)) and suppose the propensity function has the
mass action form aq(z) = 12123, a9(2) = 229, a3(2) = c321,a4(2) = cy29,a5(2) =
c5z3. Suppose we only observe the molecule counts of protein A and would like to
estimate the copy number of the naked form of gene promoter D4 and the bounded
form of the gene promoter D’;. We ran all numerical experiments with initial condi-
tion Z(0) = (3,0, 15) and nominal parameter values ¢; = 0.3,¢ = 3,¢3 = 0.5,¢4 =
0.2, c5 = 0.06 and filter sample size Ny = 10, 000.

The estimation of the copy number of D4 at time ¢ based on observation of A

over [0, t] is shown in Figure 3.4.

351

t filtered D,
3 ——actual D A

molecule counts

w L

. .
0 0.5 1 1.5 2 25
time

Figure 3.4: Estimation of copy number of D, at time ¢ based on the observation of
species A over [0,t] (genetic circuit example). Estimates are shown at jump times
of the observed species A along with their 68% confidence intervals. Filter sample
size used was N, = 10, 000.

We estimated one parameter at a time while fixing the other parameters at
their nominal values mentioned before. We chose a uniform distribution as the
prior and the posterior conditional distributions corresponding to the same single

observed trajectory at several snapshots in time are shown in Figure 3.5.
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Figure 3.5: The posterior conditional probability density function of parameters C'
(a) and Cy (b), based on one observed trajectory of A on interval [0, 7] in the genetic
circuit example for 7" = 0,20 and 100. The filter sample size was N, = 1,000, 000.
T = 0 is simply the uniform priors on C) (a) and Cy (b). The vertical lines show
the true parameter values.

3.4.3 Genetic Toggle Switch

Consider the system of genetic toggle switch[16]

g 25 9,
S =2 @,
(3.30)

o 25 8,,

Sy 25 .

Let Z(t) = (X(t),Y(t)) = (#S1(t), #52(t)) and suppose the propensity func-
tions have the form ai(z) = f13, a2(2) = =, as(z) = 1%, as(z) = y. Sup-
pose we only observe species Sy and we estimate the molecule counts of species
S1. We chose the initial condition Z(0) = (0,0) and the nominal parameter values

a; = 50,a9 = 16,5 = 2.5, = 1. The estimation of the molecular counts of species
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Sy right after each jump of #55(¢) for a particular observed trajectory is shown in
Figure 3.6 where a filter sample size of N, = 10,000 was used.

As in the genetic circuit example, we estimated one parameter at a time while
fixing the other parameter at its nominal value mentioned before. We chose a uni-
form distribution as the prior and the posterior conditional distributions computed
based on the same single observed trajectory at several snapshots in time are shown
in Figure 3.7.

Figure 3.7 suggests that the inference of as is much better than the inference of
a1. To understand why, we note that in the toggle switch example, the trajectories
of #5; and #5, exhibit a switching pattern that switches between two modes. In
one mode, #S5; fluctuates around oy while #55 is nearly zero, and in the other, #.S5,
fluctuates around ay while #.S5; is nearly zero. The influence of a1 on the behavior
of S5 only enters indirectly, and we conjecture by affecting the switching frequency.
If this were to be the case, one may need a long observation trajectory, perhaps
beyond 7" = 10,000 to make a good estimate of a;. Longer time duration 7" may
require larger sample size N; making the computations more tedious.

In order to test our hypothesis regarding the switching frequency, after some
trial and error, we chose the parameter values ay = 20 and o = 9 and kept the
other two parameters the same. Figure 3.8 shows a comparison of trajectories of
the system with the two different sets of parameters. We repeated the parameter
inference experiment with this new choice of a; and ay and the results are shown

in Figure 3.9 and show that oy is predicted better.
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Figure 3.6: Estimation of copy number of S at time ¢ in the genetic toggle switch
example based on one observed trajectory of Sy over [0,¢]. Estimates are shown at
jump times of the observed species Sy along with their 68% confidence intervals.
Filter sample size used was N, = 10, 000.
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Figure 3.7: The posterior conditional probability density function of parameters
a; (a) and as (b) in the genetic toggle example based on the observation of the
trajectory of #Ss over [0,7]. The nominal parameter values were a; = 50,y =
16,6 = 2.5, = 1. Estimates are shown at times T" = 0, 20, 100, 1000 and 2000 in
(a) and 7' = 0,20 and 100 in (b). The filter sample size was Ny = 10, 000. Note that
T = 0 corresponds to the uniform priors. Two different observation trajectories,
one for the estimation of oy (a) and the other for ay (b) were used.
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T = 0 corresponds to the uniform priors.
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3.4.4 SEIR Model

Consider the SEIR model for the spread of infectious diseases

S+1-25 B
E 51, (3.31)

I R.

Let Z(t) = (#S(t), #E(t), #R(t),#I1(t)) where S, E, I and R stand for susceptible,
exposed, infected and recovered respectively. We assume that we could observe
the infectious population I exactly. The propensity functions a;(-) have the form
a1(z) = Pz124/N, as(z) = Kz, az(z) = vz4, where N = 21 + 25 + 23 + 24 is the
total population. We ran all numerical experiments with initial condition Z(0) =
(S0, €0,T0,70) = (500, 20,0,5) and parameter values § = 0.05, x = 0.2,y = 0.05.

The estimation of the susceptible and exposed population after each change
of Zy(t) = #1(t) for a particular observed trajectory of I is shown in Figure 3.10
where a filter sample size of N, = 10,000 was used. Figure 3.11 shows scatter plots
corresponding to state estimation of susceptible and exposed number of individuals.

Keeping other parameters at their nominal values, we explored Bayesian in-
ference of parameter x (the reciprocal of the incubation period) based on a uniform
prior. The scatter plot of the parameter estimation of x based on N, = 1000 trials
each with a filter sample size Ny = 1000 is in shown in Figure 3.12.

Next we explore estimation of the state at a past time ¢, based on observation

up to a future time 7. That is 0 < tg < T. The case of t; = 0 corresponds to
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Figure 3.10: Estimation of the susceptible population (a) and the exposed popula-
tion (b) at time ¢ in the SEIR example given one trajectory of the infected population
over [0,t]. Estimates are shown at times of observed new infections or recovery along
with the 68% confidence intervals. Filter sample size used was N, = 10, 000.
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Figure 3.11: Estimate of the susceptible (a) and exposed (b) population in SEIR
example at time 7" = 40 given observations of the infected population over [0, T].
The filter sample size was N, = 1000, and trial size N, = 500. For the susceptible
population, the bias is 0.0156 within a 95% confidence interval [—0.160955, 0.192202]
and Lo error is 1.9723 within [1.81684,2.11637]. For the exposed population, the
bias is —0.0156 within a 95% confidence interval [—0.192202, 0.160955] and L, error
is 1.9723 within [1.81684,2.11637].
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Figure 3.12: (a) A scatter plot of #(7"), the estimated value of x against the actual
value of k. Here T = 40. Filter sample size was Ny, = 1000 and trial size N, = 500.
(b) The the bias E[&#(T) — ] as well as the L? error E[(#(T) — x)?]'/? (along with
95% confidence intervals) are plotted against 7T'.

the situation where the initial state itself is not known, but we only have a prior
distribution for it. We assumed that the exposed population at initial time t = 0
followed a binomial distribution, with parameters N = 520 and p = 0.04. Since
#1(0) = 5 and the total population is 525, this left us with 520 individuals. We
assumed a probability p = 0.04 of being exposed, which lead us to choose the
binomial distribution. Algorithm 6 was used to estimate the conditional probability

mass function

P{Xa(to) = | Y (s) = y(s), 0 < s < T}

for various ¢y and 7. The results are shown in Figure 3.13.

3.4.5 Investigation of Resampling

Here we investigate the strategies of resampling in our filter. In the numerical

examples presented so far, we applied the offspring algorithm to resample right after
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Figure 3.13: (a) Conditional distribution of the exposed population at the initial
time X5(0)|Yr for T = 0,20 and 40. (b) Conditional distribution of the exposed
population at an intermediate time X5(10)|YVr for T = 10, 20 and 40. Filter sample
size was N, = 10,000. The prior of the initial distribution of the exposed population
follows a binomial distribution B(520,0.04).

each jump t,. Here we present the results of three different resampling strategies.
One was to resample at each jump time t; as we did earlier. As an alternative, we
applied an adaptive resampling method where resampling is applied at ¢ if more
than 10 particles had zero weights or if the ratio of the maximum weight to the
minimum nonzero weight was greater than 1000. The third alternative was not to
resample at all. We note that, whenever resampling was not used, the weights were
normalized instead so that the average weight was 1 right after any jump time ;.
Table 3.1 shows the L? error as well as the bias in estimating the conditional
mean of the state or a parameter along with the 95% confidence intervals, for the
various examples considered earlier. The results are for state estimation unless
a parameter is mentioned in the first column. The entrees NaN indicate numerical
issues in MATLAB mainly due to the fact that all weights became either zero or infinity

within numerical precision. These results show that the three approaches yield more
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Table 3.1: The bias and error of estimation of the states or parameters when different
resampling schemes were applied.

System Method L? error Confidence interval bias Condidence interval
linear propensity each jump 9.7470 [9.0677,10.3819] —0.3346 [—1.2068, 0.5375]
linear propensity adaptive (0%) 10.0216 [9.3373,10.6621] —0.0699 [—0.9671,0.8273]
linear propensity never 10.0783  [9.4464,10.6728]  —0.4910  [—1.3922,0.4103]

genetic circuit each jump 0.5638 [0.5241,0.6009] 0.0100 [—0.0405, 0.0604]
genetic circuit adaptive (75.85%)  0.5456 [0.5066, 0.5820] —0.0085  [—0.0574,0.0403]
genetic circuit never NaN NaN NaN NaN
genetic toggle each jump 5.5083 [5.0655,5.9181] 0.3701 [—0.1219, 0.8622]
genetic toggle adaptive (2.20%)  5.5307 [5.0344, 5.9860) 0.2406 [—0.2541,0.7353]
genetic toggle never 5.4175 [4.9015, 5.8886] —0.8134  [—1.2930, —0.3339]
SEIR each jump 2.0853 [1.9323,2.2279] —0.0176 [—0.2043,0.1691]
SEIR adaptive (9.91%)  2.3726  [2.2102,2.5245]  0.1238  [—0.0884,0.3359]
SEIR never 20823  [1.9572,2.2003]  —0.0029  [—0.1893,0.1835]
linear propensity c; each jump 0.4099 [0.3850, 0.4334] 0.0233 [—0.0134, 0.0599]
linear propensity ¢, adaptive (23.00%)  0.4237 [0.3977,0.4481] —0.0295  [—0.0674,0.0083]
linear propensity ¢y never 0.5380 [0.5022, 0.5716] 0.0628 [0.0149,0.1106]

SEIR k each jump 0.0377 [0.0354, 0.0398] 0.0002 [—0.003, 0.004]

SEIR & adaptive (20.61%)  0.0351 [0.0329, 0.0372] —0.003 [—0.004, 0.0028]

SEIR & never 0.0371 [0.0343, 0.0396] —0.0064  [—0.0097, —0.003]

or less the same accuracy (the estimated errors are within the confidence intervals of

each other) except in the case of the genetic circuit example where serious numerical

issues manifest without resampling. We suspect that in the other examples, if final

time T is increased, the need for resampling will become evident.

3.5 Conclusions and Future Work

We presented a novel filtering algorithm to compute the conditional probability

mass function

m(t,x) = P{X(t) =z |Y(s) =y(s),0 < s <t}
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in the context of reaction networks. Here Y (t) = y(¢) is the vector copy number
of a subset of species that are assumed to be observed exactly in continuous time
and X () is the vector copy number of the remaining unobserved species. We also
showed how this algorithm can be adapted for the purposes of Bayesian parameter
estimation based on exact partial state observation. Furthermore, we also showed
how the state X (Zy) at time ¢, can be estimated based on observations up to a later
time 7" where 0 <t < T.

The filtering algorithm involves a weighted Monte Carlo method and a resam-
pling strategy needs to be employed. We explored some possibilities for resampling
at the observed jump times ¢;. Our investigations in this regards were numerical
and based on relatively simple examples, and hence not exhaustive. An investigation
of adaptive resampling based on some theoretical analysis is the subject of future
work.

While we presented an intuitive derivation of the filtering equations, our deriva-
tion is not mathematically rigorous. [10] provides a rigorous derivation in the context
of finite state Markov processes which in the case of reaction networks correspond to
systems where species conservation relations limit the species counts to be bounded.

As is well known, many intracellular reaction networks may have some species
in greater abundance and a discrete state model can be tedious to simulate one event
at a time. Tau-leap methods [20] as well as model reduction approaches have been
proposed for efficient simulation of such systems. See [21] and references therein for
several methods as well as Refs. [5, 28, 25, 15, 31, 2, 37] for rigorous mathematical

analysis of methods. These same considerations could be applied to the filtering
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method proposed here to develop reduced order models and tau-leap simulations.
Our assumption of exact (noiseless) observation of some species may appear
unrealistic. However, as mentioned in the introduction, most observation noise may
be modeled via extra reactions and extra species such as photons. If the photon
counts are very large, the same considerations of reduced order models or tau-
leaping mentioned above apply. Less realistic is the assumption of continuous in
time observations. In reality, observations are recorded in discrete time snapshots.
If the frequency of the snapshots is very high, then the theory of continuous in time
observations provides a good approximation. If the frequency is low, then this is

not the case.
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Chapter 4
Discrete-time Filtering in Stochastic Reaction Networks

4.1 Reaction Networks and The Filtering Problem

We remind readers of the stochastic model of a reaction network, which was
described in Chapter 3. A reaction network consists of n € N species and m € N
reaction channels. The copy number of the species i (1 < i < n) at time ¢ > 0 is
denoted by Z;(t) € Z, and the number of firings of reaction channel j (1 < j <
m) during (0,t] is denoted by R;(t) € Z,. The vector valued processes X and
R are defined by Z(t) = (Zi(t),...,Z,(t)) and R(t) = (Ry(t),..., Ry(t)) and Z
is assumed to be a continuous time Markov chain (CTMC) with state space Z.
The characteristics of a reaction network are uniquely defined by the stoichiometric
vectors v; € Z" and the propensity functions a; : Zy — [0,00) for j =1,...,m. If
the reaction channel j fires at time ¢, the state Z of the process is changed by v;.
We assume that the process Z is cadlag, that is, right continuous with left hand
limits. We shall define the matrix v € Z"*™ so that its jth column equals v;. The
(i, 7)th entry of v is denoted v;; which is the ith entry of the column vector v;. Thus

we may write

Z(t) = Z(0) + v R(¢). (4.1)
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The propensity function a; has the interpretation that given Z(t) = z (for z €
Z7), the probability that the reaction channel j fires during (¢,t + h] is given by
a;j(z)h + o(h) as h — 0+. It follows that R is an m-variate counting process with
stochastic intensity a(Z(t—)) [8]. We assume that the processes Z and R are carried
by a probability space (2, F, P).

We shall be concerned with the situation where a subset of the species are
observed at time snapshots 0 < t; < t5.... We shall take the vector of observed
species to consist of the last ny components of the state Z(t) and denote it by Y (¢).
The vector of the rest of the unobserved species shall be denoted by X (). Thus we
write Z(t) = (X(t),Y (t)) where X(t) € Z' and Y (t) € Z'? with n = ny + ny. We
shall write v; = (v}, v7) where v; € Z™ and v} € Z". We shall define v' € Z">*™
and v/ € Z™*™ to consist of the first n; rows of v and the last ny rows of v
respectively. Thus we may write

X(t) = Xo + V'R(t), )

Y(t) =Yy + " R(t),

where Zy = (X, Yp) is the random initial state.
The filtering problem that we are concerned with is the numerical computation

of conditional probabilities of the form:

w(t,2)=P{Z{t)==2|Y ;) =y, i =1,...,Ts} (4.3)

where ¢ > 0, z € Z" and T, is the number of snapshots. Due to the fact that the
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number of states is either infinity or exceedingly large, Monte Carlo methods are the
most feasible way to compute m(t,z). In addition to the observations, we assume
that we know the distribution of Zy = (X, Yy). We note that 7 (¢, z) depends also on

g = (y1,-..,yr,) so that sometimes we write 7(t, z, y) to emphasize this dependence.

4.2  The Filtering Algorithm

In this section we present a mathematical setup to describe filtering methods
and introduce what we call the Naive Algorithm which motivates the concept of ef-
fective sample size. We also discuss a framework that underlies few different filtering

algorithms in literature as well as present our proposed filtering method.

4.2.1 Mathematical Setup

We shall be concerned with weighted Monte Carlo methods which are also
known as importance sampling or particle filters. We present a mathematical de-
scription of a general setup as follows.

We let (2, F) be a measurable space consisting of the sample space and a
collection of events. It is useful to think of two sets of processes: one on which ob-
servations are made and the other consists of the Monte Carlo simulations performed
by the filtering method. We refer to the former as the lab processes and the latter as
the method processes or filter processes. Both sets of processes are carried by (€2, F).
Conditioned on the observations, the lab processes and the method processes are

independent.

112



The lab processes consist of Z = (X,Y) and R, where Z : [0,T,] x Q — Z%
and R : [0, Tp] x Q — Z7 are measurable where Ty > 0 is large enough so that [0, Tp]
contains all observation time points ;.

The method processes consist of Z(!) = (U® V@) : [0, Ty x Q — Z7, 10 :
0,Tp) x @ — Z7 and WO : [0,Tp] x © — [0,00) for i = 1,...,N,. Here Nj is
the filter sample size (number of particles) and the method processes for different
1 are all identically distributed and for convenience we drop the superscript ¢ when
describing them, or one may regard Z = (U,V), I and W as the template method
processes. The method processes U, V and I are proxies for X, Y and R respectively.
The process W is the weight process that assigns a degree of importance to the paths
of U,V and I.

The method processes are convenient to simulate under a probability measure
Py on (2, F). The lab processes have the given propensities under a possibly different
probability measure P on (€2, F). In general, the quantity of interest m (¢, z,7) is
given as a function of expectations of path functionals of the filter processes. The

precise nature of this relationship shall depend on the filtering method.

4.2.2 The Naive Algorithm

It might be clear from the outset that the most straightforward Monte Carlo
algorithm is simply based on the following acceptance/rejection strategy. One sim-
ulates N, sample trajectories Z®(t) = (UD(t), VO (t)) for i = 1,..., N, according

to the given reaction network characteristics via the Gillespie algorithm or a variant
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[19, 21, 17, 1] and assigns a weight W# = 1 (accept) if and only if V¥ (t;) = y, for

l=1,...,Ty and W' = 0 (reject) otherwise. We note that m(¢, z) is given by

E[1¢(Z(t) W]
E[W]

m(t,z) =

and one simply estimates 7 via the filter sample as

i L(ZOw) w

7AT<t7Z) = ZNS Wi
i=1

We note that here Py = P in relation to Section 4.2.1. We shall refer to this method
as the Naive Algorithm. While it is conceptually simple and easy to implement, in
many situations the probability of any given sequence of observation snapshots is
very low and hence the “effective sample size” is much smaller than Ns. Hence in
order to obtain reliable estimates one needs to simulate impractically large numbers

Ny of trajectories.

Theorem 6. Given Zi\; W* > 0, the naive method is well defined and unbiased

under that condition.

Z@]'V:S1 1(:r,y) (U(i) (t) ) v (t))Wz

E
S W

= P{X(t) = 2,Y(t) =y |Y(T) = yr}.

N,
Z Wi>0
=1

(4.4)
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Proof. First, we condition on Zf\ﬁl W = n,, we want to show that

Zi’iﬁ 1(:r,y) (U(i) (t) ) v (t»Wz

E
i W

= P{X(t) = 2,Y(t) =y|Y(T) = yr}.

N,

i
E W' =ng,
i=1

for each value of ny, > 0.

Without loss of generality, we may assume W' = 1 for ¢ = 1,...,n, while

W' = 0 otherwise. Now we have

S Ly U (#), VO @)W
i W

N,
1 2 . ) ) . )

= — Z]E [1(x,y)(U(’)(t), VO@r)wi |Wi=1fori=1,..,n, and W' = 0 otherwise |
Ns

=1

E

Wi=1fori=1,..,n, and W' = 0 otherwise

1 & . , o
= — Y E[lan 0O, VORW W = 1]
S =1
1 & . | o
+ = > E [l UO@), VO | Wi = 0]

= P{X(t) =2,Y(t) =y | Y(T) = yr}

(4.6)

The last step follows because when W* = 1, that is, when V(T = yr,
E [Lay(@(0), VO®), W W' =1] = P{X(t) = 2, Y (1) = y|Y(T) = yr}

and when Wi =0, E [1(a:,y)(U(i)<t)7 V(i)(t))Wi | W' = 0} =0. =
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4.2.3 Effective Sample Size

Often the filtering method involves estimating a quantity ¢ given by

where C' is a path functional and W is an associated weight. The quantity c is

estimated via the empirical mean

ZNS CW
S w

¢ =

from a weighted sample (C*,W?) for i = 1,..., Ny, identically distributed like
(C,W). The fidelity of this estimate depends on the joint distribution of (C*, W*) for
1=1,...,Ns. Law of large numbers states that for sufficiently large Ny, ¢ is a good
approximation of c¢. If we assume independence (for different i), when Ny is suffi-
ciently large, under independence assumption we may use the so-called delta method

and obtain the approximation that ¢ is (approximately) normally distributed with

E[¢] ~ ¢ and

Var(@) ~ E2CW] ., ( cCwW W )

N, E2[W] E[CW] E[W]

The square of the relative error RE = —”E[(S_C)Z] is then approximated by

1
RE? ~ M\/ar (

cCWwW w
E[CW] E[W}) '
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Hence, the fidelity of the estimate clearly depends on the path functional C' and
its covariance with W among other factors. For instance, if one is interested in
estimating 7(t, z), then C' = 1(,3(Z(t)), and the fidelity of the estimate varies with
z. In order to have a measure of fidelity that is independent of the path functional

C and solely dependent on W, the quantity

(&

known as effective sample size has been proposed in the literature [32]. When N is

very large, by the law of large numbers

(4.8)

Thus, for the naive method, N, ~ N, p where p is the probability of the sequence of
observations. When the molecular copy numbers of the species are in the order of

hundreds and if multiple species are observed this probability is very small.

4.2.4 Conditional Propensity Function

Recall that the propensity a;(z) is defined by the prescription that the condi-
tional probability that one reaction event j occurs during (¢,t + h| conditioned on
Z(t) = zis given by a;(2)h+o(h) as h — 04. We may define the conditional propen-

sity bj(z,t,t1,91 . ..) of the reaction channel j in the above definition by replacing
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the conditioned event {Z(t) = z} by the event

{Z(t) :Z,Y(tl) =Y [ = 1,...,TS}

that includes the observations. Naturally, the conditional propensity will depend
not only on the state z at time ¢, but also the relationship between ¢ and the
observation time points ¢; as well as the values y;. See [22] for instance where this
is discussed. For a given observation sequence, we may suppress the dependence
on the observations and denote b; by b;(z,t). We note that due to the explicit
dependence on time ¢, the (conditional) wait time between reaction events is no
longer exponential. If an explicit formula for b;(z,t) is available and the wait times
have an analytically tractable formula (as we shall see in a specific example in
section 4.5.1) it is indeed possible to simulate the reaction network according to these
conditional propensities. In that event, all trajectories will satisfy the observations.

In general, an explicit formula for b; is not available and hence it is impossible
to draw samples from the conditional distribution. However, if a good approximation
of b; is proposed, which we denote by a;(z,t), then one may simulate the reaction
network according to these “proposal propensities”. Since the proposal propensities
may not be exact, a weight f/(T) given by the Girsanov change of measure that
corresponds to the change in propensity from a; to a; (for the method process I)
is computed and applied. Additionally, the indicator weight W as in the naive
method is applied depending on whether the the observations are satisfied, so that

the overall weight is W L(T).
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The simulation is carried out under a probability measure F, and under F,
I; have propensities a;(z,t). Under P, given by dP = L(T)dP,, the I; have the

desired propensities a;(z). Then

wlt,2) = PLAW) = 2| Y (1) = g1 <1 < Ty} = DEW =2Y() =y, 1 S LS T}

p{Y(h) =Y, 1 S l S Td}

E[l (Z(0))W] _ Hﬂo[1{z}(27(t))13(7”)‘¢’]'

E[W] Eo[L(T)W]

If the proposal propensities a; are exactly equal to the conditional propensities b;,
then with probability one, all trajectories Z will satisfy the observations and Wﬂ(T)
will be a constant making the effective sample size N,. If a; close enough to b;, then
one expects the effective sample size to be close to N,. This is the strategy that

underlies the methods in [22].

4.2.5 The Targeting Problem

In order to better motivate our new method, we focus on the problem of a
single observation snapshot which we take to be Y(T) = y at t = 7" > 0. This
becomes a “targeting problem” as we have a random initial state Z, with a known
distribution and we are given the partial final state condition Y (7)) = y.

After reordering and splitting the reactions R(t) = (R'(t), R"(t)), and possible
removal of dependent observable species (corresponding to dependent rows of v")

we may write the modified " as

V" = [A B] (4.9)
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where B is ny X ny and invertible. This yields

y =Yy + AR/(T) + BR'(T)

and hence

R'(T) = B™'(y — Yo — AR/(T)). (4.10)

Thus, we see that R”(T") is determined by Y,y and R'(T).
Here we give an example to illustrate the idea above. We consider a three

species and four reactions system

Sp 5 Sy, S 2581, Si+ Sy = S3, S35 S+ 5. (4.11)

Let Z(t) = (#S1(t), #52(t),#S3(t)). Suppose species Sz is observed, so X(t) =
(#S1(t), #5,(t)) and Y (t) = #S5(t). Since only one species is observed, in the
decomposition R(T) = (R(T),R"(T)), R"(T) has dimension one. We can take
R(T) = (Ri(T), Ro(T), R3(T)) € Z7% and R"(T) = R4(T) € Z4 and partition the

matrix v as

V= =11 -1 -1 1 ,WhereI/”:|:A’B:|:|:0 0 1|_1}.

Since y = Yy + R3(T) — Ry(T'), we obtain R"(T) = R4(T) = Rs5(T) — y + Yo,

determined by Y,y and R/(T).
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We shall make our proxy processes Z and I satisfy the condition (4.10). Since

we want V(T') = Y (T) = y, we shall require

y=Vo+ AI'(T) + BI"(T),

SO

I"(T) = B~ (y — Vo — AI'(T)). (4.12)

If we choose I"(T') according to (4.12) we automatically satisfy the target observa-

tion. This motivates our key strategy as outlined below. In what follows, we use

K =I(T).

1. Given Y(T) = y generate a sample for Zy = (U, Vp) and K = I(T), and an

associated weight W, > 0 so that

Po{R(T) = k, Zy = 2| Y(T) = y} = Eo[liz0.) (Z0, K) W | Y(T) = 3] /Eo[ W],

where Py is the simulation probability measure (to be decided). This is ac-
complished by the following procedure which can be thought of as consisting

of prediction and correction steps.

(a) Generate a sample for Zy and K’ = I'(T) (prediction).

(b) With the knowledge of V), V(T) = y and K’ = I'(T") compute K" =
I'"(T) via (4.12). If I"(T") € Z* accept, otherwise reject and go back to

previous step.
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(c) Set the weight W, to reflect the probability of the assigned value for

I"(T). (Correction).

2. Having obtained a value for Z, and I (T) along with a weight W, > 0, obtain

I(t) for 0 <t < T by “interpolation”.

Generating a sample from I’(T") can in principle be done by Gillespie method
simulation. However, computing the weight W), as the probability of the value of
I"(T) given by (4.12) in closed form is not simple. Furthermore, the interpolation of
I(T) for t values in [0, T is not easy either. However, these steps can be solved with
relative ease if the m-variate counting process R is assumed to be an inhomogeneous
Poisson process. Hence our strategy is to take R as an m-variate inhomogeneous
Poisson process (when conditioned on Z;) with a time varying intensity that possibly
depends on Z, and the observed value y of Y (7') under a y-dependent simulation
probability measure Pj. We evenly divide [0,7] into N pieces so the time grid
(0,t1,t9,...,T) satisfies tj41 —t; = At = % We use a matrix representation for
the piecewise constant intensity A € R7*Y, where \;; = \i(t;). We present the
interpolation algorithm in Algorithm 8.

Then a y dependent Girsanov transformation is performed via an associated
weight L,(T") so that under the resulting probability measure P, given by dP, =
L,(T)dPY, the process Z has the intensity that corresponds to the given reaction
network specification. A similar weight L, (T) is associated with Z. The details of

the Girsanov transformation are given in section 4.3.4. The weight L,(7") needs to

be multiplied by W), to obtain the overall weight of a trajectory Z.
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So far, we have outlined a (weighted) Monte Carlo algorithm for the targeting

problem. That is, to compute 7 (¢, z) for 0 < ¢ < T in the context of a single snapshot

observation at time 7" > 0 given the observation Y (7') = y and initial distribution

u for Zy. We summarize the algorithm in Algorithm 7. This algorithm produces as

output an iid weighted sample of size N, for path functional C'(t) = ¢(Z(t)) with

associated weight W@ LO(T).

Algorithm 7 Targeting Algorithm

10:

: Input: Initial distribution u, T, filter sample size N, observation y.
Make a judicious choice of intensity function A(t, 2y, y) that is strictly positive.
for i =1to N, do

Generate a sample from g resulting in Z (U0 ,VOZ ) and generate an m-
variate Poisson random variable K’®) with mean fo At, Z8 y)dt. Set K" =
Gy — Vo(i), K'@). If K"® € Z7 accept and go to next step. Otherwise repeat.

Set W@ = p(K"®), Zél ,Y)-

Cenerate interpolated trajectories for Z®(t) and I®(¢) for t € [0, 7] using
Algorithm 8.

Compute the likelihood ratio L ( ) by equation (4.16).

Compute the path functional C® = ¢(Z®).

end for )
Output: Weighted sample (C®, WO LO(T)) fori =1,..., N,.

4.3 Rigorous Treatment of the Targeting Algorithm

The targeting problem for a reaction network is stated as follows. We are

given the following information about the lab process Z.

1. An observed set of events O, from the past (before time ¢ = 0 which is referred

to as “present”) with P(O,) > 0.

2. The conditional probability u of the lab process Z at time t = 0. Thus, for
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Algorithm 8 Poisson Interpolation Algorithm
1: Input: Initial state zp, final time 7', total reaction count k € ZT', intensity

matrix \ € RTXN , where N is the number of intervals.

2: Initialize t = 0, I(t) = 0, Z(0) = 29, At = z

3: Compute p; = Zj.vzlxmAt fori=1,...m

4: for j=1:N do

5: Generate reaction count r; ; in (¢;_1,¢;] ~ Bino(k;, ’\”_At) fori=1,.

6: Compute r; = > " 7

7: Generate t; uniformly distributed in (¢;_1,¢;] for i =1,...,r;;, i =1,...,m.

8: Sort ¢ so that ) < 2. < ¢ k) = t', and record (t™) 4) pair. Let
+0) — tia

9: for k=1:r;do

10: I(s) = I(t), Z(s) = Z(t) + v; for s € [t*=1) 1)

11: t=tW =t L(t)=L{t-)+1, Z(t) = Z(t—) + v,

12: end for

13: i <— i — XZ’J‘At, kz < ]{?1 — T for i = 1,...m

14: end for

15: Output: I(t) and Z(t) for t € [0, 7]

2’0621

1(z0) = P{Zo = 20| Op}.

3. Future time 7" > 0 and future observation Y (7') = y where y € Z2.

The goal is to compute the conditional distribution 7 (¢, z) where for ¢ € [0, 7] and
z €LY

m(t,z) =P{Z(T) =2|0,,Y(T) = y}.

The targeting algorithm consists of using an alternate probability measure F,
such that under P and under conditioning on O, and {Z, = %}, the lab process
R for reaction counts is an inhomogeneous Poisson with a nonvanishing intensity
A(t, z0,) > 0 on [0,T]. Then the filter processes Z and I (proxies for Z and R) are

created such that, under Py and when conditioned on O, and {Z, = 2}, I is an
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inhomgeneous Poisson with a nonvanishing intensity A(¢, zo,y) > 0 on [0, T7.

We remark that it is conceptually easier to think of the role of the future
observation y as fixed. Thus, for a given targeting problem, y is fixed and the prob-
ability measure Py depends on y, thus Py = BJ. We shall suppress the superscript
y. The desired probability measure P = PY under which R has the correct intensity
is accomplished by a Girsanov change of measure: dP = L(T)dF,. Since the filter
process Z will be used for the estimation, the probability measure to use shall be

dP = L(T)dP,.

4.3.1 The Lab Process

We start with (Q, F, %), a probability space. Let ' > 0, X : Q — Z1' and
Yy : Q — Z7? be random variables. Define Z; = (X, Yp). Let v € Z™™.

Let R : [0,T] x Q — Z7' be an m-variate counting process which is broken
into R = (R, R") where R’ and R" are m;-variate and mo-variate respectively. This
means for ¢ = 1,...,m, R; is a cadlag process which is non-decreasing, takes values
in Z, and R;(0) = 0.

Define processes X,Y by

X(t) = Xo + V'R(t),

Y(t) =Yy +V'R(2).
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The Z™ valued process Z is defined by Z(t) = (X (t),Y (t)). Thus we may write

We let ), C F denote a sub o-algebra of observation events that “happened prior”
to time ¢ = 0 and we assume O, € ), is a set of “past observations” with Fy(O,) > 0.

We define

Fi=Y,\/o(Z(s),R(s)|0 < s <1).

Recall that we may assume that with suitable splitting of the reactions R(t) =

(R'(t), R"(t)), we may write V" as

V" = [A B] (4.13)

where B is invertible. This yields

Y(T) =Yy + AR/(T) + BR"(T)

and hence

R'(T) = B~'(Y(T) - Yy — AR(T)).

For notational convenience we define G : Z™ x Z'* — Z"* by

G(Ay, k') = B~ (Ay — AK)

126



for Ay € Z™ and k' € Z"*. For Ay € Z™ we also define the subset Sa, C Z!'* by

Say = {K € 27| B (Ay — AK') € 77},

For Ay € Z" and k = (K, k") € Z" x ZT* the following equivalence holds:

Ay =1V"k <= k' € Sa, and k' = G(Ay, k).

Since Y(T') =Yy + v"R(T), we note that for y € Z"

{Y(T) = Yo =y} C{R(T) € 5,}.

We are given A : [0,7T] x ZI' x Z? x Z* — (0,00)™, a positive function. We
are also given p, be a probability measure on Z.
We fixy € Z1>.

We suppose that the following hold under Fy:
1. Conditioned on O,, Zy = (X, Yo) has the distribution u(zg, yo).

2. Conditioned on O, and on Zy = zy = (¢, ¥o), R is an m-variate inhomogeneous

Poisson process with intensity A(t, zo, Yo, y)-

We also split A into A = (X', \") where X is R™ valued and A" is R™? valued.
Later on we shall consider another probability measure P on (€, F) under
which R is an m-variate counting process with F-intensity a(Z(t—)). Thus, under

P, the processes R and Z represent the reaction network. Since A is strictly positive,
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P will be absolutely continuous with respect to F,.

Remark 3. When we refer to an m-variate Poisson process or an m-variate Poisson
random variable with an m-vector valued intensity or mean, we assume that the
components are independent and have intensity or mean equal to the corresponding

component.

4.3.2  Construction of Filter Random Variables Z, = (Uo, V), K and
|74

On (2, F, ) we create a sequence (Up;, Vo, K;) which is Z7" x Z1? x 7™

with the following properties (under P).

1. Conditioned on O,, (Xo,Yy) and (U, Vo) (for i € N) are all independent,

and have the same distribution u(xg, yo).

2. Conditioned on O,, K/ for i € N is an iid sequence that is independent of

Xo, Yy and R.

3. For each 4, when conditioned on O, and on (Uy;, Vi) = (z0,%), K| is an
my-variate Poisson random variable with mean fOT N(t, xo, yo,y)dt. Thus for

K € Z7" and (xo,y0) € ZT}

P K, =K' |Uip = x0, Vip = 40, Op} = P{R(T) = k" | Xo = 20, Yo = 10, Op}.

Define p : Z1* x ' X 21> X 27> — R as follows. For each o, yo, y, p(-, o, Y0, ¥)
is the p.m.f. of an mo-variate Poisson random variable with mean fOT N'(t, xq, yo,y)dt €
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R™2,

Define the random variables N, K’, K", Uy, Vi and W as follows. Define N by
N =min{i e N| K] € S,_y,,}.

Throughout this section we make the following (sensible) assumption.
Assumption 1. P{Y(T) =y} > 0.

Since P is absolutely continuous with respect to Py, it follows that Py{Y (1) =
y} > 0 and hence there exists a yo with P {Yy = y} > 0 such that S,_,, is
nonempty. Therefore

P{R\(T) € S,_,,} > 0.

Hence, it follows that

Po{R; € Sy-vp, } = D Po{Roi(T) € Sy | Vo = 4o} PoVo = 4o}

Yo

> Po{R'(T) € Sy_yo | Yo = vo} Po{Yo = 3o} > 0

and thus

Thus under Assumption 1, N is finite and K’, K” and W, below are well defined:
K/ = REV? K” = G(y - %,NaK/)7 UO = UO,N)% = ‘/O,Na Wp = p(KﬂaU[b‘/b?y)' Let

K = (K',K"). We let Zy = (Uy, Vp).
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We shall denote the observed event

Oy = {Y(T) =y},

and define O = O, N O, (past and future observations). We note that if there is an

observation Yy, = yy at ¢ = 0 then it is automatically captured in this analysis by

taking the Zxo (o, y0) = 1 and p(zo,%o) = 0 for Fo # vo.

Lemma 7. Fori €N, zy = (20, %) € Z and k' € Z"

PO{XO = T, Yo = Yo, R,(T) =k | Op}

Po{Uo;i = 0, Vo = yo, K; = K'|N =1i,0} =1
O{ 0, Lo, Vo, Yo 7 | ¢ } S PQ{R/(T)GSnyO‘OP}

k')

Y=y0 (

Proof. It k' ¢ S,_,, then both sides of the equation in the lemma are zero. Suppose

k' € S,_,,. Then we have that

Po{Uo; = w0, Vo = yo, K; = k' | N = 4,0}

= Po{oni = Tog, %,i = Yo, Kz/ = k/ ’ Kz/ c Sy*Vo,m KJI §é Sy*VO,j for j < i, Oy, Op}
~ Po{Uo; = w0, Vo = yo, Kj = k', K] € Sy, K} & Sy v, ; for j <1,0,|O0p}
Po{K! € Sy vo K. & Syy,, for j < 4,0, 0}

_ Po{Uo,; = xo, Vo, = yo, K] = k' | O,}
Po{K] € Sy-v,, | Op} '

We note that the third equality follows since the other events in the numerator
are independent of Y(T') (and thus of O,) when conditioned on O,. Moreover,
when conditioned on O,, (Uy;, Vi) is distributed like (X, Yp), and conditioned

on (Uoi, Voi) = (x0,y0) and O,, K| is distributed like R'(T") when conditioned on
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(Xo,Yo) = (z0,%0) and O,. Thus, we have

PO{UO,i = o, Vo,z' = Yo, KZ{ =K | Op} = PO{XO = o, Yo = Yo, RI(T) =K | Op}~

Also, Pi{Kj € Sy—v;,, | Op} = P{R(T) € Sy—y, | Op}. These observations clinch the

result. O

Proposition 3. For zy = (xo,y0) € Z", k" € Z}"* we have that

PQ{ZQ = 20, R/(T) = k/ ’ Op}
P R(T) € Sy—v, | Op}

PO{ZO = 20, K =k | O} = 1sy7y0 (k’,)

Proof. We may write

Po{Up = w0, Vo = yo, K' = K | O} =Y Po{Up; = w0, Vo = 0. K’ = k' | N =i, O} Py{N = i| O}.

ieN
Applying Lemma 7 yields the result. O]

Proposition 4. For zy = (x0,y0) € Z", k € Z" we have that

(L0} (Zo, K) W | O]
Eo[W | O]

E
Po{Zo = 20, R(T) = k| O} = =

Proof. Let k = (k', k") where k' € Z1"" k" € Z". If y # yo + "k then both sides
of the equation in Proposition 4 are zero.

Suppose y = yo + v"'k. Then k' = G(y — yo, k'), k' € S,_,, and the event
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equality {K = k} = {K’ = £’} holds. Hence

]E()[W, Z() = Z(),K/ = ]{JI,O]
R{0}

Eo[1{(zo.)3(Zo, K)W | O] =

We note that on {K' = k', Zy = 2}

W = P(k’//, L0, Yo, y) = PO{R”<T) =k | Zy = Zo} = PO{R”<T) =k | Zy = 2y, Op}~

Hence

Eo[1{ (0403 (Zo, K) W | O]

= P{R"(T)=k'|Zy = 2} Po{Zo = 20, K’ = k'| O}
PO{ZO = 20, R/(T) =K ‘ Op}
PAR(T) € Sy-vy | Op}
P{R(T) = k| Zy = 20} Po{Zo = 2|0, }
P{R'(T) € Sy-v; |Op}
_ RAR(T) =¥, R"(T) = k' | Zy = 20} Po{ %0 = 20| O}
Po{R(T) € Sy-v; | Op}
_ RAR(T) =k, Zy = 20| Op}
Po{R/(T) € Sy-v; | Op}

= Po{RH(T) = k// ’ Z() = Zo}

= Po{RH(T) = k// ’ Zo = Zo}

where there second equality follows from Proposition 3 (noting that &’ € S,_,,) and
the fourth equality follows from the conditional independence of R'(T') and R"(T)
given Zj. We have also used the independence of (R'(T"), R"(T')) from O, when

conditioned on Zy = zg.
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Thus for all k € Z' we may write

Po{Zy = 20, R(T) = k| Op}

EoL(z0.0} (Zo, K) W | O] = 11y (v"'k) P{R(T) € Sy_y, |O,}
Yy—Xo p

Since

Ly (V'R 10y (Z0) Ly (K) = 1y (Y(T) 12y (Z0) 1y (K),

it follows that

Po{Zy = 20, R(T) = k,Y(T) =y | Oy}

Eo[1{(z.003(Zo, K) W | O] = 4.14
0[ {( 7k)}< 0 ) ’ ] PO{R/<T) c SyfyolOp} ( )
Summing over (zg, k) we obtain
BAY(T) = y|Op}
Eo[W | O] = . 4.15
MW= B (R T) € 5,0 100} (1)
Dividing (4.14) by (4.15) we obtain
Eo[1{(z0.0) (Zo, K) W | O] _ Po{Zo = 2, R(T) = k,0, | Oy}
EO[W | O] PO{Oy | Op}
= PO{Z(] = Zo,R<T) =k | O}
[
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4.3.3 Construction of the Proxy Processes I,U,V

Having constructed (U, Vp, K), we define the process I : [0,7] x Q — ZT7
as follows. Conditioned on (Uy, V) = (o, 40), we let n;(t) = f(f A(S, xo, Yo, y)ds for
t € [0,T]. Note that n; are strictly increasing functions. Let & for i = 1,2,...,m
and [ =1,2,... be an i.i.d. collection of random variables uniformly distributed on

[0,7;(T)] and independent of Xy, Yy, R and K. Let t! = n; (&) Then we set

K;
Li(t) =) L oo (1)-
=1

The process [ is a proxy for R and by construction I(7') = K. We define U and V

by
U(t) = Uo + I//](t),

V(t) = Vo +V"I(¢).

Let us denote the restriction of R to [0,7] also by R. We note that the
conditional law of R given R(T) = k,Xo = o, Yo = yo,O is the same as the
conditional law of I given I(T) = K = k,Uy = o, Vo = yo, O, since both will be
“iInhomogeneous Poisson bridge” processes with intensity A(¢, xo, 3o, y) under the

said conditioning. We summarize this as the following proposition.

Proposition 5. Let ¢ : Dgm|[0,T] — [0, 00) be a nonnegative measurable map. Then

for k € 21, %9 € Z™*, we have that
Eo[o(R) | R(T) =k, Xo = 0, Yo = 40, O] = Eolo() | [(T') = k, Uy = x0, Vo = 40, O].
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Proposition 6. Let ¢ : Dgm|[0,T] x Z™ — [0, 00) be a nonnegative measurable map.

Then

Bo[6(1, U, Vo) W O]

Eo[¢(R, Xo,Yp) | O] = Eo[W O]

Proof.

Eo[¢(R, Xo,Y0) | O]

= > D) D Eo[d(R w0, 90) | R(T) = k, Xo = x0, Yo = 0, O]

ToEZL™ Yo EL™2 kEZT

x Pl{R(T) =k, Xo = 20Yo = 1| O}

Eo[1{(wo.90,} (Uo, Vo, K) W | O]
Eo[W ’ O] ’

= > Bolo(1, x0,y0) | K = k, Uy = o, Vo = 10, O]

k,x0,Y0

where in the second equality we have used Propositions 4 and 5. Now

Eﬂ[l{(ro,yo,k)}(an %7 K) 44 ‘ O] _ EO[Wa K = ka UO = Ty, ‘/E) = Yo, O]
Eo[W | O] Eo[W; O]
B WK =k, Uy = 20, Vo = 90, O] P{ K = k, Uy = 19, Vo = 1o | O}

- Eo[W 0]

Since the process I and W are independent when conditioned on I(T) = k, Uy =

Zo, VE) = Yo, 07

Eo[o(1, z0,y0) | K = k, Uy = x0, Vo = o, O] Eo[W | K = k, Uy = 0, Vo = o, O]

- EO[qb(‘[)'IOvyO) w | K = k? UO = wOa‘/O = yOaO]‘
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Hence

Eo[o(R, Xo,Y0) [ O]

D ko Bo[0(L, 20, o) W | K =k, Uy = z0, Vo = yo, O] Bo{ K = k,Up = wo, Vo = 5o | O}
Eo[W 0]

Eo[p(I, Uy, Vo) W | O]
Eo[W | O] ’

4.3.4 Girsanov Change of Measure

We define the processes L;, L; : [0,T] x Q@ — R for j =1,...,m by

Lyt = (H ) 1{@@) exp ([ O(6: X Yo o, (X(0) V(s ).

Li(t) = (H o A ufggt}) e ([ Ou(6.UThu0) = 0,0 (). V() )

(4.16)

where 7V and Tij for ¢ = 1,2,... are the ¢th jump time of R, and I; respectively.

1

Define the processes L, L by

L(t) = Ly(t) ... Ly(t), L(t) = Ly(t) ... L(t). (4.17)

We shall show that we can write

L(t) = (R, Xo, Yy) and L(t) = 1, (I, Uy, V).
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for each ¢t € [0,T] where v, : Dgm[0,T] x Z" is a measurable map. This is accom-
plished as follows.
Given r € Dgm[0,T], we shall say r is a counting path provided for each

j=1,...,mand for all t € (0, 7]
1. 7;(0) =0,
2. rj(t) e Z
3. rj(t) —r;j(t—) € {0,1}.

Denote the set of all counting paths by D. C Dgm[0,T]. The set D, is closed in the
Skorohod topology and hence measurable.

Given r € Dgm[0,T], (2, y0) € Z" define z,y as follows. For ¢ € [0, T

z(t) = zo + V'r(t),

y(t) = yo + v"r(t).

Define wz for j=1,...,m by

G50, 30) — (H aj(x(tz—),y(ti—»l{t%t}) exp (/O (Ai(5, 70, 90, ) — aj(x(s),y(S)))dS) ,

i>1 )\j(tz_a Lo, Yo, y)

if r € D, and ¥](r, zo, ) = 1 otherwise. Here t] <t} < ... are the successive jump

times of r; when r € D,. Define ¢,(r) by
Ui(r, o, o) = Uy (r, ianythz(?"» o, Yo) - - - ¥;" (1, To, Yo)-
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It can be verified that v, is a measurable map.

Under certain integrability conditions we may assume that Eq(L(T)) = 1. Let
Fi = 0(Xo, Yo, R(5);0 < s < t). It follows that L is a ({F;}, P) martingale and
Eo(L(t)) = 1 for all t € [0, 7] [8]. We define the probability measure P on (€2, F) by
P = L(T) By. It follows that the P intensity of R is a(Xo+V' R(t—), Yo+V"R(t—)) =

a(X(t—),Y (t—)) which is the desired intensity.

Theorem 8. Let ¢ : Drm|[0,T] x Z be nonnegative measurable. Then

E[6(R, Z,)| 0] = 20U Z0) D) WO

Proof.
P{O}
_ Eolo(R, Zy) L(T); O] Eo[¢(R, Zo) L(T) | O]

Eo[L(T); O] Eo[L(T) [ O]

Elp(R, Zo)| O] =

Since on O, L(T) = (R, Zy) and L(T) = ¥y (I, Zy), by Proposition 6, it follows

that
Elot 7) L7) | 0] = LI LTIWIO)
and
B1(r) |0 = O TIO)
From the last three equations the result follows. O
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Corollary 9. Let ¢ : Dgm [0, T x ZT; be measurable and ¢(R, Zy) be integrable. Then

Eolo(1, Zo) L(T) W| O]

E[¢(R, Zy)| O] = Eo[L(T) W| O]

Corollary 10. Let zy € Z't, k € Z7. Then for t € [0,T)

E[1 (2040 (Zo, R(1)) | O] = EOU{(m,kgo([Zio(,j{)(?V)'LO(]T) W1O]

Corollary 11. For z € ZI} and t € [0,T]

4.4 Tuning the Targeting Algorithm

Within the implementation of our targeting algorithm, there are choices we
could make such as the intensity of the inhomogeneous Poisson process A(t), the
frequency to resample the filter. In this section, we discuss these factors and also
present a “two-stage method” that runs (unconditional) forward evolution in the
first portion of the time interval then applies the targeting algorithm in the second
portion.

Choosing inhomogeneous Poisson intensities \: Our targeting method
involves choosing inhomogeneous Poisson intensities A for R(t). It is most convenient
to interpolate process I when \ is piecewise constant in time. We evenly divide [0, T']

into N pieces with t;11 —t; = At = & and let () = A(t;) for t € [t;,¢;41). We
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use a matrix representation for this piecewise constant intensity \ € RTXN , Where

Aij = Ai(t;). Here we present two strategies we used in our numerical experiments.

One intuitive idea is to only consider the unconditional forward evolution of
the system. If we know A(t) = E[a(Z(t))] analytically, we can construct a left end-
point approximation A () = A(t;) for t € [t;,t;41)). Otherwise, we could solve the
corresponding reaction rate equations as an approximate or, alternatively, estimate
Ela(Z(t))] via an independent forward simulation.

Our second strategy for choosing A was based upon the unconditioned X, (t)
and involves a constrained optimization scheme that takes the observation into ac-
count. We would like our new choice of inhomogeneous Poisson intensity A to be
close to the average intensity A\ (t) while also satisfy the condition that the expecta-
tion of the process lands precisely at the desired state (Eq[v” fOT I(t)dt] = y—1yo). To
be specific, we solve the following constrained optimization problem to get intensity

)\22
N
Ao = argmin/\eRTxNH)\ —M|lr st V'r = Ay, where r; = Z NijAt. (4.18)
j=1

Here ||- || stands for the Frobenius norm. In our numerical examples, we use Matlab
program fmincon to solve this optimization problem.

Resampling: Since the disparity of the weights will usually grow fast as time
progresses, we could again use the resampling technique discussed in Section 3.2.1
to alleviate the issue. Bear in mind that the resampling procedure itself introduces

extra randomness which could hurt the accuracy on the other hand. The frequency
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to perform resampling is an interesting question to explore.We could resample every
As, it is easier to implement it numerically if As is a multiple of the At.
Two-stage method: We introduce the two-stage method as another attempt
to address the issue of growing variance of the weights. For estimating the system at
time ¢t (0 <t < T), especially when ¢ is close to T, we could split the interval [0, T
into two pieces [0, ty) and [t, T] where 0 < tq < ¢ < T and run the (unconditional)
forward simulation in time interval [0, o] and then apply the targeting algorithm in
the interval [to, T']. This way, we reduce the length of time interval where the weight
grow disparately. We will also explore the choice of #y for splitting the interval in

Example 3.

4.5 Numerical experiments

In this section, we use numerical examples to demonstrate our targeting algo-
rithms and compare it with other algorithms. We focus on the problem of a single
observation snapshot given Y (0) = yo, Y(T) = v.

We start with two analytically tractable examples: a pure death process (Ex-

ample 1) and a reversible isomerization model (Example 2):

C

Example 1: S — a,

Example 2: S 25 8y, Sy 25 5.

In both scenarios, we would like to estimate the conditional distribution at an inter-
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mediate time. Since the true conditional distribution is available, we could compare
the accuracy of various methods in different scenarios. We choose a common obser-
vation as well as a rare one.

Then in Example 3, we look at a reaction network with non-linear propensities.
Unlike the first two examples, we could only compute the conditional distribution
at the final time by solving the Kolmogorov equations, hence we estimate the dis-
tribution at the final time. We also use this example to illustrate the two-stage

algorithm.
Example 3: 51 i) SQ, SQ g) Sl, 51 + Sg i) 53, Sg i) Sl + 52.

Lastly, we study an example where we could analytically compute the condi-

tional expectation of the unobserved species A but not the conditional distribution.
Example 4: S S+ A, )= S.

For the first three examples where we could compute the conditional distri-
bution (analytically or by solving Kolmogorov forward equations), we estimate two

statistical distances, the mean total variation error (TVE) and Hellinger distance

TVE = E Z |7 (t, 2) — 7(t, 2)| ‘ Y(T) = y:r] ;

Hellinger = — E \/Z(\/ﬁ(t,z) — \/W(t,z))Q

z

Y(T) =yr

S
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We also record the effective sample fraction (ESF) defined by the ratio of effective

sample size N, over the filter sample size N,

1 (Z;N:Sl Wi>2

ESF=f=_~— 7
NS vazsl(WZ)Q

Zl=

4.5.1 Example 1: Pure-death model

We consider an analytically tractable example, a pure death process of a single
species

S @ (4.19)

with the propensity a(z) = cz.
Assume we have noiseless observation of the species at time t =0 and t =T,

and we are interested in estimating the conditional distribution

(x| zo, x7) = P{X(t) = 2, | X(0) = 20, X(T') = x7}. (4.20)

The conditional distribution m(x¢|zo, x7) is given in terms of transition prob-

ability

P{X(t) =z, X(0) = zo, X(T) = x7}
P{X(0) = 2o, X(T) = w7}
_ P{X(T) = 27| X(0) = w0, X () = &1} P{X(t) = 2| X(0) = wo} P{X(0) = wo}
P{X(T) = 2 [ X(0) = 2o} P{X(0) = o}
_ PAX(T) = 2 | X(1) = @} PAX(1) = 2, | X(0) = 2o}
PAX(T) = [ X(0) = zo} ’

(x| zo, x7) =

(4.21)
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where transition probability from ¢; to ty (t; < t5) follows a binomial distribution

with n = z; and p = e~c(2=1),

PUX(t2) = 22| X (8) = 11} = (xl)e—c“?—“m(l ey (g9)

T2

Using equations (4.21) and (4.22), we can obtain an analytical formula for the

conditional distribution

—ct —cT\ Tt—ZT —ct \ To—Tt
To — X e % —e 1—e
(|20, 27) = (xo _zt) (ﬁ) (ﬁ) SRS )

Furthermore, we can also obtain the conditioned propensity

plee|X(t) =2 —1) _ ez, —27) (4.24)

plar| X (t) = ) 1 —ecT=0)°

My | z7) = alz)

We also conducted simulations using the conditional propensity function idea
discussed in section 4.2.4. The “CP approx” method proposed in [22] uses a piece-
wise constant approximation of the conditional propensity function that takes con-
stant propensity between two successive events ¢; and ty, that is, A(s) = A(x¢ | yr)
for s € [t;,t3). This way, the wait time for the next event is exponentially dis-
tributed, makes it easier to implement. In what we called the “CP exact” method,
we use this time-dependent conditional propensity (4.24) and hence the wait times

are non-exponential. Let 7 be the waiting time for the first event given X (0) =
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xo, X(T') = xp. Then,

G(t) := P{r >t} = <ﬂ>_T . (4.25)

1—eT

In general, suppose an event happen at time ¢, given that X (t) = x;, X(T') = xr,

the waiting time 7 for the next event has distribution

—cs e—c(T—t) Te—TT
> (4.26)

G(S) = P{T > 3} - (e 1 — e—c(T—1)

In order to simulate that waiting time 7, we can take an inverse of the cumulative

density function FF =1 -G
7 =min{s : G(s) <1—u}, (4.27)

where u is a uniform random variable in [0, 1].
Suppose X (t1) = z1, X(T) = xr, let t; and t5 denote the times of two succes-
sive reaction events. Then the Girsanov transformation likelihood ratio over [ty ]

is given by .,
a(xl) 6ft1 —G(Il)ds

L(ty) = L(t
(t2) ( 1))\($(t2_) | 27) efitf —Xa(zs | ) ds

—cx] (tQ —tl)

Ty —e(T—ty (&
:L(tl)xl—LCT (1—6 (T t))w

In the following numerical experiments, we took zo = 1000, ¢ = 4, T' = 0.5,

t = 0.2, time mesh At = 0.02. In this example, the free dimension m; = 0, while

the determined dimension my = 1, so the Poisson weight will always be the same
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Figure 4.1: Pure death example. Estimated conditional distribution compared with
the actual conditional distribution. A common observation. zy = 1000, ¢ = 2, T =
0.5, t = 0.2. The estimate came with 95% confident interval, which was estimated
based on N, = 100 trials, while each trial used filter sample size N, = 10, 000.

for different samples. We used inhomogeneous Poisson intensities A\ (t) = Ela(Z(t;)]
for t € [t;,t;11)), while X2 was obtained via constrained optimization discussed in
Section 4.4. We ran each method for N, = 100 independent trials, and for each trial
we used the filter sample size N, = 1000. We also recorded the runtime for each

filter to compare computational cost. The results are shown in Table 4.1.

Method Observation Total Variation Error Hellinger Effective Sample | Runtime

(95% interval) (95% interval) Fraction (ESF) | (seconds)
Naive o1 = 368 1.1353, [1.1077, 1.1630] | 0.6057, [0.5968, 0.6147] 0.027 2.3
Targeting (\;) | (common observation) | 0.2037,[0.1995,0.2080] | 0.1160,[0.1143,0.1177] 0.919 2.6
Targeting (%) 0.2072, [0.2029,0.2116] | 0.1193,[0.1175,0.1211] 0.900 2.7
CP (approx) 0.3485, [0.3414, 0.3556] | 0.1880, [0.1851,0.1909] 0.322 9.4
CP (exact) 0.1957,10.1920,0.1994] | 0.1138,]0.1120, 0.1156] 1.000 2.4
Naive xp =404 NaN, [NaN, NaN] NaN, [NaN, NaN] NaN 2.4
Targeting (\;) (rare observation) 0.1979,[0.1942,0.2016] | 0.1143,[0.1127,0.1160] 0.923 2.6
Targeting (\) 0.2297, [0.2248, 0.2347] | 0.1412, 0.1386, 0.1438] 0.654 2.4
CP (approx) 0.3351,[0.3275,0.3427] | 0.1834,[0.1804, 0.1864] 0.324 2.1
CP (exact) 0.1909, [0.1872,0.1947] | 0.1117,[0.1100,0.1135] 1.000 2.3

Table 4.1: Example 1. We took xq = 1000, c =2, T = 0.5, t = 0.2, At = 0.02. The
estimate came with 95% confident interval, which was estimated based on N, = 100
trials, while each trial has filter sample size Ny = 1000.

From Table 4.1, the exact time-dependent conditional propensity method has

the best performance, as expected. Our targeting method outperformed the naive
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method and the approximate conditional propensity method.

4.5.2 Example 2: Reversible Reaction S| +— S»

We consider the system

Sp - Sy, Sy 25 5. (4.28)

Let Z(t) = (#S51(t),#S52(t)). Suppose the propensities take mass-action form
a1(z) = 121 and as(z) = caz9. Suppose we know the initial state zp = (zq,x2)
and we have noiseless observation of the copy number of species Sy at time 7.

To find the evolution of the probability distribution, we consider an associated
mono-molecular system [38] which is described by a random walk M (¢) between two

states. This is a continuous-time Markov chain with the rate matrix

Q= . (4.29)

We can obtain its transition probability matrix P(t) by Kolmogorov’s backward
equation P'(t) = @ P(t), where P, ;(t) = Prob{M(t) = j| M(0) = i} for 4,j = 1,2.
For the reversible two species system, suppose the system initially starts with only

one species, say Z1(0) = zp and Z»(0) = 0, then we have

P{Z(t) = x4, Zo(t) = wo — x| Z1(0) = 2o, Z2(0) = 0} = Binopdf(zy; zo, P11 (1))

(4.30)
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For a general initial condition, we could get the transition probability as well,

P{Z\(t) = xy, Zo(t) = 21 + 22 — 2 | Z1(0) = 21, Z5(0) = x5}

T1+T2
= Z Binopdf(k; x1, P11 (t))Binopdf(x; — z1 — k; 9, Pay(t)).

k=0

(4.31)

Using the transition probability and equation (4.21), we could obtain an analytical
formula for the conditional distributions to compare various simulation methods
with.

We first took a smaller system with the total copy number of all species being

10. We took Z(0) = (10,0), ¢ = (1,1.5) , t = 0.7, T = 1, At = 0.1 and chose a

common observation and a rare observation. The results are shown in table 4.5.2.

Method Observation TVE (95% interval) | Hellinger (95% interval) | ESF | Runtime
Naive yr =4 0.1188,[0.1104,0.1272] | 0.0689, [0.0652,0.0727] | 0.246 0.05
Targeting (\;) (common observation) | 0.0747,[0.0697,0.0798] | 0.0366, [0.0347,0.0384] | 0.568 0.3
Targeting (%) P(Y(T) = 4) = 0.245 | 0.1014, [0.0942,0.1086] | 0.0471,[0.0442,0.0499] | 0.568 | 0.3
Targeting,resample ()\;) 0.0843,[0.0795,0.0892] | 0.0543,[0.0515,0.0571] | 0.955 0.3
Targeting,resample (X2 0.0772,[0.0725,0.0820] | 0.0536, [0.0506,0.0565] | 0.955 | 0.3
CP (approx) 0.0834, [0.0783,0.0886] | 0.0459,[0.0437,0.0480] | 0.518 | 31.3
Naive yr =17 0.3646,[0.3393,0.3900] | 0.2049,[0.1944,0.2153] | 0.027 0.05
Targeting (\;) (rare observation) 0.0940, [0.0880,0.1001] | 0.0526, [0.0498,0.0554] | 0.381 0.3
Targeting (X, P(Y(T) =7) = 0.027 | 0.0940, [0.0871,0.1009] | 0.0522,[0.0491,0.0552] | 0.346 | 0.3
Targeting,resample (\;) 0.0900, [0.0847,0.0953] | 0.0597, [0.0575,0.0619] | 0.834 | 0.3
Targeting,resample (X2 0.1136,[0.1071,0.1202] | 0.0768,[0.0719,0.0817] | 0.658 | 0.3
CP (approx) 0.0907,[0.0851,0.0962] | 0.0526,[0.0498,0.0554] | 0.429 33.3

Table 4.2: Reversible Reaction S; <— S5.

We took z

(10,0), ¢ = (1,1.5),

T=1,t=0.7, At = As = 0.1, while taking a common observation as well as a rare
observation. The estimate came with 95% confident interval, which was estimated
based on NN, = 100 trials, while each trial used filter sample size N, = 1000.

We also tried with a larger system with the total copy number of all species
being increased to 200. However, the conditional propensity approach takes way too

long to compute, so we only compared the naive method and the targeting method
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in table 4.5.2.

Method Observation TVE Hellinger ESF | Runtime

(95% interval) (95% interval) (seconds)
Naive yr = 80 0.1868,[0.1826,0.1910] | 0.1091,[0.1072,0.1109] | 0.0576 19.50
Targeting (\;) (common observation) | 0.0665,[0.0646,0.0684] | 0.0311, [0.0303,0.0318] | 0.4309 21.10
Targeting (%) (p = 0.0575) 0.0626, [0.0607, 0.0646] | 0.0206, [0.0288,0.0304] | 0.4425 | 21.93
Targeting,resample (\;) 0.0732,[0.0710,0.0754] | 0.0478,[0.0468, 0.0488] | 0.9489 20.86
Targeting,resample (\;) 0.0724,[0.0704,0.0744] | 0.0471,[0.0462, 0.0481] | 0.9423, 20.48
Naive yr = 98 0.6764, [0.6595,0.6933] | 0.3937,[0.3851, 0.4023] | 0.0042 19.03
Targeting (\;) (rare observation) 0.0928,[0.0902, 0.0954] | 0.0433,[0.0423,0.0444] | 0.2095 21.30
Targeting (%) (p = 0.0043) 0.0755, [0.0733,0.0776] | 0.0352, [0.0344,0.0361] | 0.3146 | 21.95
Targeting,resample (A;) As = 0.25 0.0847,[0.0826, 0.0869] | 0.0532,[0.0521,0.0542] | 0.8129 21.89
Targeting,resample (Ay) As = 0.25 0.0894, [0.0871,0.0917] | 0.0549, [0.0538,0.0560] | 0.6194 21.96
Targeting,resample (X;), As = 0.5 0.0719, [0.0700,0.0738] | 0.0432, [0.0424,0.0439] | 0.7910 | 22.26
Targeting,resample (\s), As = 0.5 0.0788,[0.0768, 0.0808] | 0.0460, [0.0452,0.0468] | 0.6833 22.81

Table 4.3: Example 2 reversible isomerization reaction S; <— S,. We took

2o = (100,100), ¢ =

(1,1.5), T = 2, t = 0.7, At = 0.25, while taking a com-

mon observation yr = 82 as well as a rare observation yr = 98. The estimate came
with 95% confident interval, which was estimated based on N, = 100 trials, while
each trial used filter sample size N, = 10, 000.

4.5.3 Example 3: S; +— Sy, S+ 5 +— 53
We consider
Si -2 Sy, Sy 2581, Si+ Sy =5 S, S3— S+ S, (4.32)
Let Z(t) = (#5S1(t), #S2(t), #S5(t)). Suppose we observe species Ss, so X(t) =

(#51(t), #52(t)) and Y'(t) = #S55(t). Suppose a1(z) = c121, ax(2) = 222, a3(z)

c3z129 and aq(z) = cq23.

We took X (0) = (20,20,20), ¢ (0.5,1,0.1,1), T = 1, and applied the

naive method and several variants of targeting algorithm to estimate the conditional

distribution of X (¢). In this example, we can pick the first three reactions as “free
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reactions” and the last one is determined by Ry = R3 — Ay. Since Z(T) — Z(0) =

vR(T) where

we have AY = Y(T) — Y (0) = R3(T) — R4(T). In this example, we solved Kol-
mogorov’s forward equation numerically to obtain the conditional distribution to
compare our stochastic filter results with.

We state our choices of inhomogeneous intensity A(¢) as follows. We took time
mesh At = 0.1, and used an approximate deterministic system to determine A(t).

That is, we solve the reaction rate equations

=
dt

29 <3
= —C121F+Co21—C32120+C423, — = C121—C221—C321%21+C423, — = C32122—C4%23,

dt dt

and let A\;(t) = a(z(t;)) for t € [t;,t;v1). Then, we got Ay via the constrained
optimization discussed in Section 4.4.

We also implement the two-stage algorithm where we run our first stage
simulation [0,t) (where 0 < to < T') using Gillespie’s forward simulation algo-
rithm, then apply our targeting algorithm in the second stage. In the second stage
[to, T'|, one option we take is to use the sample mean propensity from the first stage
A= NL S a(Z(ty)). The other option is to assign each individual sample a propen-
sity that takes account of the state Z (to) while also steering the trajectory toward

the observed state yr. In this specific example, there are m = 4 reactions, with
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the number of the number of free reactions m; = 3 and the number of determined
reaction my = 1, so we write A = (VO N0) with N ¢ R?, N0 e R_. We
choose '@ € R to be N9 = max{a'(Z%(ty),a’(1,1,1)}. The reason we intro-
duce a/(1,1,1) is that a/(Z®(t;)) could possibly contain zero components, while
our method requires strictly positive intensities, so we enforce a small lower bound
corresponding to the situation where there is one molecule for each species present.
Our choice a’(1,1,1) is usually a small quantity compared to a'(Z®(t,) while suf-
ficiently safeguarding the strict positivity of intensity A(¢). As a targeting algo-
rithm, we obtain A" by solving v’ \(T — ty) = yr — V@ (ty), then updated it
by M@ = max{\"® a"(1,1,1)}. This way, we obtain the individual propensity
A0 = (N@O N0 for each sample. Numerical results are summarized in Table 4.4
for a common observation and Table 4.5 for a rare observation.

One stage targeting algorithm estimates the conditional distribution more ac-
curately than the naive method. For two stage algorithm, there is an optimal choice
of ty to split the forward evolution stage and the targeting stage. When the length
of the second interval [ty, T is large, growing disparity of the Girsanov weights could
be a problem. However, if ¢, is very close to the final time 7', we may be faced with
very disparate Poisson weights W), as we're forcing a large number of reactions to

occur in a short amount of time.
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Method TVE ESF | Runtime

(95% interval) (seconds)
Naive 0.2146, [0.2117,0.2174] | 0.16 | 0.331
One stage Ay, At =0.1 | 0.1695,[0.1669,0.1722] | 0.21 | 0.773
One stage Ao, At =0.1 | 0.1699,[0.1673,0.1726] | 0.21 0.770
Two stage, A, to = 0.5 | 0.1331,[0.1310,0.1352] | 0.35 | 0.611
Two stage, A\, to = 0.5 | 0.1597,[0.1563,0.1631] | 0.29 | 0.558
Two stage, \,to = 0.8 | 0.1146,[0.1130,0.1162] | 0.55 | 0.513
Two stage, A\, £, = 0.8 | 0.1038,[0.1024,0.1052] | 0.72 | 0.520
Two stage, \,to = 0.9 | 0.1103,[0.1087,0.1119] | 0.64 | 0.500
Two stage, A\, £, = 0.9 | 0.1024,[0.1010,0.1038] | 0.78 |  0.495
Two stage, \to = 0.99 | 0.1857,[0.1832,0.1882] | 0.39 | 0.507
Two stage, A\, t; = 0.99 | 0.1830,[0.1805,0.1855] | 0.40 | 0.532
Two stage, A, tp = 0.999 | 0.2583,[0.2548,0.2618] | 0.29 |  0.550
Two stage, A, ¢, = 0.999 | 0.2566, [0.2531,0.2602] | 0.30 | 0.590

Table 4.4: Example 3. A common observation. We took X (0) = (20,20, 20), ¢ =
(0.5,1,0.1,1), t =T =1, yr = 24. The estimate came with 95% confident interval,
which was estimated based on N, = 1,000 trials, filter sample size N, = 1, 000.

Method TVE ESF | Runtime

(95% interval) (seconds)
Naive 0.4347,[0.4286,0.4408] | 0.04 | 0.326
One stage A\, At =0.1 | 0.2184,]0.2152,0.2217] | 0.15 0.791
One stage Ao, At =0.1 | 0.2103,[0.2071,0.2135] | 0.16 | 0.794
Two stage, A, to = 0.5 | 0.1758,[0.1730,0.1785] | 0.23 | 0.614
Two stage, A\, t; = 0.5 | 0.2158,[0.2114,0.2202] | 0.18 |  0.590
Two stage, A, to = 0.8 | 0.1614,[0.1591,0.1637] | 0.31 | 0.527

]
]
]
]
]
, ]
Two stage, A\, £, = 0.8 | 0.1639,[0.1617,0.1660] | 0.32 | 0.546
]
]
]
]
]
]

Two stage, A, to = 0.9 | 0.1971,[0.1942,0.1999] | 0.26 |  0.490
Two stage, A\, 5 = 0.9 | 0.1894,[0.1871,0.1918] | 0.26 | 0.500
Two stage, A, to = 0.99 | 0.3942,[0.3892,0.3992] | 0.07 | 0.483
Two stage, A% t5 = 0.99 | 0.3935,[0.3882,0.3988] | 0.07 | 0.547
Two stage, M\t = 0.999 | 0.5638, [0.5561,0.5716] | 0.05 | 0.479

Two stage, A, 5 = 0.999 | 0.5601,[0.5527,0.5674] | 0.05 | 0.518

Table 4.5: Example 3. A rare observation. We took X(0) = (20,20,20), ¢ =
(0.5,1,0.1,1), t =T =1, yr = 20. The estimate came with 95% confident interval,
which was estimated based on N, = 1,000 trials, filter sample size N, = 1, 000.
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454 Example4: S — S+ A, ) — S

We consider a two species system
S S+4, 028

Let X (t) = #A(t) and Y (t) = #S5(t). The propensity functions are a;(z) = ¢122 and
as(z) = co. Suppose we have a deterministic initial condition Z(0) = zy = (¢, yo)-
We have

E[Y () |Y(T) = yr] = yo + %Ay,

where Ay = yr — yo. It follows that

2

EX®|Y(T)=y|=E {xo + /Ot a1(Z(s))ds |Y(T) = y| = xo + c1yot + clAyQt—T.

We would like to estimate the conditional expectation E[X(T)|Y(T) = y]. We
took Z(0) = (0,0), t =T =5, ¢; = 0.1 while ¢, were varied. Naive method has
much larger variance in its estimation compared with the targeting algorithm, while

targeting method is slightly biased.
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Problem Method E[X (T)|Y(T) = y] with 95% interval | ESF | Runtime
ce =100,T = 5,y = 500 Naive 124.899 + 0.158, [124.740, 125.057] 0.0177 27.83
E[X(T)|Y(T) =y] = 125 | Targeting (At = 0.1) | 124.938 & 0.040, [124.898,124.978] | 0.6404 | 37.44
co =100,T =5,y = 553 Naive 138.069 + 0.741, [137.328, 138.810) 0.0011 24.46
E[X(T)[Y (T) = y] = 138.25 | Targeting (At = 0.1) | 138.199 + 0.038, [138.162,138.237] | 0.6150 | 39.41
co =200,T =5,y = 1000 Naive 249.996 + 0.254, [249.742, 250.250) 0.0127 | 47.03
E[X(T)[Y(T) =y = 250 | Targeting (At = 0.1) | 249.901 £ 0.057, [249.844, 249.958] | 0.5326 | 53.26
co =200,T =5,y =1074 Naive 267.731 £ 1.246, 266.485, 268.977] 0.0008 | 50.04
E[X(T)[Y (T) = y] = 268.50 | Targeting (As = 0.1) | 268.363 = 0.056, [268.307,268.420] | 0.5212 | 69.68
co =400,T = 5,y = 2000 Naive 500.462 + 0.471,[499.992, 500.933] | 0.0089 | 94.25
E[X(T)[Y(T) = y] = 500 | Targeting (At =0.1) | 499.802 £ 0.105, [499.697,499.907] | 0.3833 | 117.29
co =400,T =5,y = 2105 Naive 526.271 + 1.760, [524.511, 528.030] 0.0006 91.85
E[X (T)|Y(T) = y] = 526.25 | Targeting (At = 0.1) | 526.013 + 0.115, [525.898, 526.127] | 0.3758 | 114.40

Table 4.6: Example 4. Initial condition Z(0) = (0,0), t = T' = 5, parameter ¢; = 0.1
¢y were varied. We took a common observation and a less common observation.
Conditional expectation were estimated from N, = 100 independent trials, where
each trial we had filter sample size N, = 10, 000.
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Appendix A
Appendix

A.1 Derivation of the Evolution Equations for 7 (¢, z)

We note that the authors [10] provide a rigorous derivation of the evolution
equation for the conditional probability 7 (¢, z) when the state space is finite and the
exact observation is of the form y = h(z) where h is a function of the state space.
The derivation in textbook [10] may not be easily accessible to applied scientists who
may not be familiar with the language of stochastic analysis. Moreover, our filtering
equations (while in agreement with [10]) are somewhat simpler in appearance since
in our case h corresponds to the projection onto the last no, components of the state
and also due to the structure of the reaction network. The derivation shown here
is more intuitive to follow (at the expense of some rigor) and results in equations
consistent with literature [10]. Moreover, we shall not make the assumption that the
state space is finite. We believe that the rigorous derivation in [10] can be extended
to infinite state space under reasonable assumptions. Such an endeavor is recently
done by authors [12].

We start with a discretization of the time interval [0, c0) by a mesh

{th|t=0,1,...}
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of spacing h. We consider (X (¢h),Y (¢h)) as a discrete time Markov chain. If the
observed trajectory of Y (t) is given by y(t), then the observations on the mesh
points will be given by

ge=y(h), £=0,1,...

We may use the filtering equations for a partially observed discrete time Markov
chain derived in [14]. For the discrete time Markov chain (X (¢h),Y (¢h)) (for £ =

0,1,...) where Y is observed exactly, the conditional probability

mo(x) = P(X(Eh) = 2| Y (jh) = 55 = 0,...,n),

is shown in [14] to satisfy

Z;v H((I, g@—l); (l’/, ge))ﬂ'g_l(x)
ng ZW—1 /f((l‘[—l, gz_l), (1‘57 gﬁ))ﬂ-g—l(lf—l)’ (Al)

m(z') =
where
5((z,y), (2", y) = P(X(Ch) = 2", Y (th) = y' | X((€ — 1)h) = 2, Y ((£ — 1)h) = y).

From the infinitesimal characteristics of continuous time Markov chains, as h ap-
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proaches 0+,

((x,y), (2, y) = aj(x,y)h +o(h) (' y) = (z,9) + v,

w((2y), (2,9) =1=h)_a;(z,y) +o(h), (A.2)

j=1

k((x,y), (2',y")) = o(h)  otherwise.

Let’s consider two adjacent mesh points ¢ and ¢ + h. There are two possibilities;
there are no jumps of y on the interval (¢,¢+ h] or there are jumps. Again from the
infinitesimal characteristics of continuous time Markov chains, as h approaches 0+,
there is either no jump or one jump during (¢,¢ + h]. We approximate 7 (t,z) by
me—1(z) and w(t+h, x) by m(z). For the case when there is no jump during (¢, ¢+ h],

if we suppose t, <t <t+ h < t;,1, then

Yo = Yo—1 = y(t).

Using (A.1) and (A.2), we obtain 7(t + h, ) as a ratio where the numerator is

Zﬂ(t,x—l/;-)aj(:c—y y(t)h +7(t,z) — w(t, x) Z (x,y(tr))h + o(h)

jeu

and the denominator is

Z (1—2% z,y(tx)) >7T(t,i’)+0(h).

jeo

From the above, we may obtain an expression for (7(t + h,z) — 7(t,x))/h which
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upon taking limit as h — 0+ yields (3.4). The second case is when t < ty <t +h

and in this case

Yo1 = Y(te-1) # y(tx) = e

Using (A.1) and (A.2), we obtain

_ 2o, @@ = v y(te-1)) w(t, 2 — 1) h+ o(h)
225 2ueo, @@ = v, y(tia)) w(t, 2) h+ o(h)

7(t+ h,x)

Noting that 7 (t + h,x) — 7(tg, x) and 7(t,x) — w(tx—,x) as h — 0+, we obtain
(3.5).

We note that for a rigorous treatment one needs to use the language of measure
theory, since unlike in the discrete time Markov chain case, in the continuous time
case we are conditioning on a zero probability event of observing Y (s) = y(s) for
0 < s <t. Moreover, a rigorous and mathematically “cleaner” treatment involves
working with the integral representation of the differential equation with jumps.

The derivation provided here, we hope, provides the “essence” of the idea.

A.2  Unnormalized and Normalized Filtering Equations

Here we present the details of the derivation of the fitering equation (3.4)
in section 3.1. That is, we want to show that if p(¢,x) satisfies the unnormalized
filtering equations, then 7 (¢,x) = p(t,z)/ > - p(t,&). We assume the existence and
uniqueness of solutions of both the unnormalized and normalized filtering equations.

To that end, suppose p solves the unnormalized filtering equations (3.8) and
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(3.9), and let 7(t,x) = p(t, )/ > _; p(t, T). It is adequate to show that 7 (¢, x) satisfies

the filtering equations (3.4) and (3.5).

In between jump times, that is, for ¢, <t < tx,1, p satisfies

= Zp(t, r— V) aj(x — v, y(ty)) — ZP(@ x) aj(z,y(tr))

— p(t,x)a®(z,y(ty)) Vo ez,

Then

The first term may be written as

o) _ >t w—vy) ag(a—v,y(te) =D 7t @) a5, y(ty)) =7t ) a

2.z (1, 7)

Jeu Jjeu

The second term can be written as

Note that 5, (e 00t = v}) a5 = v, y(te) = Xy Ut 7) (7, y(10)) )

and hence

Z p’(t, j) = Z (Z p V;‘a y(tk)) - Z p(t, 57) CLJ'(:Z'? y<tk)) - p(t, j) CLO<:Z‘, y<tk))>

T JeU JeU

Z—Zptx (@, y(tx))
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Hence 7 satisfies (3.4).

For k =1,2,... at jump times t;, p(t, x) jumps according to

Since 7(t,z) = p(t,x)/ >, p(t, &), we have

ﬁ'(t :L‘) _ ZleOk al(x - Vl/v y(tk—l)) 7~T(tk—,:p - Vl/)
" > Yieo, @l y(te1)) 7(ti—, 7)

Vo e Z1}
which shows that 7(¢, x) satisfies (3.5) at jump times tj.

A.3 Some Preliminaries on Point Processes

Theorem 12. (Ezponential Formula) Let a(t) be a right-continuous increasing func-

tion with a(0) =0, and let u be such that

/0 u(s)|da(s) < o0, £30.

Then the equation

x(t) = x(0) +/0 x(s—)u(s)da(s) (A.3)

admits a unique locally bounded solution given by

o) =50) [ @+ udayen { [wmars ] @

0<s<t

160



where Aa(t) = a(t) — a(t—), a®(t) = a(t) — Y oo, Aa(s).

For a single variate point process, it follows immediately from the exponential

formula that

L(t)=1 +/0 L(s—)(u(s) — 1)dM(s) (A.5)

with M(t) = N(t) — [, A(s)ds. admits solution

1) = £0) T] waneen{ [wo - s} (o)

0<s<t

As a corollary, for an m—variate point process case, with L(t) = [, Lx(t),

10 =1+ [ Ls=)ns) = DaMi(s (A7)

with M (t) = Nj.(t) — [; M(s)ds. admits solution

L) = L) T] uk<s>ANk<s>exp{ / Z<uk<t>—1><—xk<s>>ds}. (A8)

0<s<t

Theorem 13. Let (Ny(t), ..., Nou(t)) be an m—variate point process adapted to some
filtration F;, and let \;(t) be the predictable (P, F;)-intensities of N;(t) (i = 1,...m).
Let p;(t) (i = 1,...,m) be Fy-predictable processes, nonnegative, and such that for

alt>0and alll <i<m

¢
/ pi(s)Ai(s)ds < oo P — a.s.
0
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Definte the process L; by

where

L0 = [T 1 < Do { [0 wn@ash. (o)

n>1

Then L(t) is a (P, F;) nonnegative local martingale and a (P, F;)-suppermartingale.

Theorem 14. (Direct Randon-Nikodym derivative theorem). Same notion as in the

previous theorem. Suppose moreover that
E[L(1)] = 1.
Define the probability measure P by
= (A.10)

Then, for each 1 < i < m, N(t) has the (P, JF,)-intensity \i(t) = p:(t) (1)

over [0, 1].

A.4 Speeding up FCS Monte Carlo Simulations

A.4.1 Introduction

Simulating a large sample of Fluorescent Correlation Spectroscopy intensity

trajectories could be computationally expensive. For instance, a realistic time in-
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crements could be dt = 1 x 107% seconds, and a realistic observation time could be a
few minutes, say T" = 100. The exact simulation that evolves each particle at each
time step could take hours to simulate just one trajectory, so a more efficient Monte
Carlo simulation is needed.

Due to the Gaussian nature of the laser intensity function, most of the intensity
is contributed by a small number of particles near a tiny confocal volume. Hence
in the efficient simulation scheme, we would like to update the positions of the
particles near the confocal volume over the time step dt, and for the rest of the

particles we choose a longer time step At to update.

A.4.2 Choosing a Critical Region E.

We would like to choose a critical region E,. so that it captures nearly all of
the intensity, and we update the positions of the particles in that region every dt
time, the same as the exact simulation.

Computing the portion of the intensity contributed from near the confocal vol-
ume is similar to finding the confidence region for a multivariate normal distribution,
which involves the density function of x?— distribution.

Let Q = Z} + Z3 + Z2, where Zy, Zy, Z3 are independent standard normal
random variables, so @ follows y2-distribution with three degrees of freedom, and

we denote as Q ~ x?(3). Note that the joint probability density function of Z =
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(Zl7ZQ7Z3> iS
-3 1 2 2 2
f(z1,29,23) = (2m) " 2 exp —5(21 + 254+ 23) ¢, (A.11)
and we have

PlQ<q}=P{Z{+Z]+Z; < q} = f(z)dz.

{z:224+23+22<q}

That is, P{Q < ¢} equals the integral of the joint density function coming from

inside B(0,/q) = {z | 27 + 23 + 23 < q}.

In the FCS scenario, the point spread function is given by

2r% 202 222 1 4a? 49> 422
F(x’:%Z):Foexp{_T_l_l_Q}:Foexp{_g(r_Q—i_r_yQ—i_l_Q)}

(A.12)

2x _ 2y _ 2z

By a change of variable, 2y = =%, 25 = =¥, 23 = =¥, we could find the probability

P{ng}:/F(a:,y,z)dxdydz// F(z,y, z)dxdydz
E RS

with £ = {(z,5,2) | (2)* + () + (§)* < ¢}.

s T
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q Ellipsoid region E Ellipsoid (a,b,¢) | P{Q < ¢}
L) GP+@P+P<t ] Ggy) | 01987
L EPHEP (P2 (r,r,0) 07385
O [ (P +(E2<s | (3.5.Y) | o7
16| ()2 4 ()2 4 (22 <42 | (2r,2r,2]) 0.9989

If we choose ()% 4 (£)*+ (£)* < 1, or a even larger rectangular box region

By, = {|z| < 2r,|y| < 2r,|z| < 21}, it can cover more than 99.89% of the intensity.

A.4.3 Choosing a Buffer Region FEj,

Far away from the critical region FE., the locations of the particles are updated
less frequently, and we take that time increment At to be a multiple of the exact
time step dt, that is, At = m - dt. We need a buffer region to handle the particles
that could possibly enter the critical region within At time. In that buffer region,
the positions of the particles are updated every dt time, and some of the particles
might move into the critical region F, within At time. While further outside the
buffer region, the probability of entering the critical region within At time is nearly
zero, namely, we would like to control the conditional probability P{X (¢ + At) €
E. | X(t) € (E.U E})°} to be small. Thus we want to consider the displacement
AX that a particle could travel over At time, and choose a corresponding buffer
distance d to let P{||AX]|| > d} be very small, and we can take the buffer region to

be By ={zx € ES | ||z —y|| < d,y € E.}.
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The displacement AX := X (t + At) — X(¢) ~ N(0,2DAtI), where I is the
3 x 3 identity matrix. We could compute the probability of a particle remains in
the ball B(X(t),d) after At time. Since AX; = V2DAtZ;, for i = 1,2,3, we have
P{>? 72 < q} = P{3}_ | AX? < 2¢DAt} = P{||AX] < d} with d = v/2¢DAL.

And we consider one specific example where dt = 1 x 107%, At =1 x 107°, D =

1.3 x 10719,
V/q | Buffer distance d | d example | P{||AX]| < d}
1 V2DAt 5.0990 x 10~8 0.1987
2 2v2DAt 1.0198 x 1077 0.7385
3 3V2DAt 1.5297 x 1077 0.9707
4 4v/2D At 2.0396 x 107 0.9989

Hence, we might want to choose buffer distance d = r for that example.

A.4.4 Comparison of the Accurate and Efficient Simulations

We choose both E. and E.U FEj to be cylindrical regions:

E. = {(z1, 19, 23) | x% + 1:3 < (27’)2, lzg| < 21}, (A.13)

E.UEy, = {(z1,29,23) | 2] + 25 < (2r +d)?, 23] <2+ d} withd=r. (A.14)

For that specific example, we run Monte Carlo simulation that couples the more
accurate simulation with the efficient simulation. 100 pairs of coupled trajectories

were simulated.

166



For each pair of coupled trajectories, we look at sup-norm difference

e = sup [I(t) = V()| = max |I0(t;) — I (1)) (A.15)

t€[0,7] J=Liwn

We estimate the bias E[e] and the Loy error /E[e?] from the 100 samples, and we

get

Ele] € [2.49 x 107*,2.80 x 1074, (A.16)

E[e2] € [2.70 x 107*,3.40 x 107]. (A.17)

To provide more detail on computing the confidence interval,

1 ¢
Ele]me=—)» e =264x10" A18
le] =€ o Zzl e X : ( )
oz = La ~ 1.56 x 107°, where o, ~ s, = ! i(e(i) —e)? (A.19)
e \/n—s e I e e - 1 . Y

E[e?] = Ve? = (A.20)

1 -8
=02~ 213 x 10°%, (A.21)
Ele?] € [ €2 —oz,\/e+ 0z } . (A.22)

We look at sup-norm difference for Corr(t) = L [T I(t)I(t + 7)dt,

€ a

¢ = sup | Corr®(t) — Corrl? ()| = _max | Corr® (t;) — Corr™(t;)|  (A.23)
te[0,T) j=1,...,nt
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We estimate the bias E[e] and the Ly error /E[e?] from the 100 samples, and we

get

Elc] € [2.46 x 107°,2.50 x 107°], (A.24)
VE[c?] € [2.47 x 107°,2.51 x 1077]. (A.25)

Let d = D, — D,, the difference of best fit D with I.(t) or I,(t) data,

Eld
E[d] € [1.52 x 107%,2.82 x 107'Y], with relative bias % €1.2x107%2.2 x 1079
(A.26)
V E[d?
E[d?] € [6.26 x 107'%,7.38 x 10~ '®]with relative error E[ | € [4.8x107% 5.7 x 107°].
(A.27)
Method Elapsed time (seconds)
Accurate (C) 130
Accurate (Matlab) 243, 240
Efficient (Matlab) 99, 98
Accurate (Matlab, 6 workers) 104
Efficient (Matlab, 6 workers) 28

Table A.1: Efficiency of the simulations. n, = 10, T = 0.1s, dt = 107%s, At = 10°s
N =1973. N, = 2.68.

We run the simulation for several different regions F, and record the run time
for efficient simulation and the errors obtain by coupling. For each case, we simulate
ns = 100 pairs of coupled trajectories using a paralleled Matlab implementation. We
are particularly interested in the sup-norm difference e = sup,¢jq 1y |1e(t) — 1a(t)| and

the relative L, error for the best fit D, that is, —VE[(D%_DM. The run time is for
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efficient simulation per trajectory, not for the coupled simulation.

Region £ m | B/B(%) | Time(s) | Elsup,eor () — L(t)]] VE(De—Da)’)

Ellipsoid (2r, 2r, 21) 10| 0.82 220 | [8.52x1072,9.02 x 107%] | [4.72 x 107%,5.27 x 10~]
Ellipsoid (3r, 3r, 21 + r) 10| 202 242 | [6.33 x 107*,6.75 x 1074] | [7.51 x 107¢,8.70 x 1079
Ellipsoid (3r, 3r, 31) 10| 276 2.53 | [2.49 x 107,2.84 x 1074] | [2.03 x 1077,2.30 x 10~7]
Ellipsoid (3r,3r,31), vectorized | 10 |  2.76 0.72 | [249 x 107%,2.84 x 1074] | [2.03 x 1077,2.30 x 1077]
23423 < (3r)2 |as| <20+ | 10| 3.04 2.57 | [243 x1074,2.63 x 1074] | [4.23 x 107%,4.82 x 1079
Ellipsoid (2r, 2r, 21) 20 | 0.82 1.16 | [3.31 x 107,3.39 x 107'] | [1.36 x 1073,1.60 x 107]
Ellipsoid (3r, 3r,2l +r) 20 | 2.02 1.38 | [7.22 x 1073,8.20 x 107%] | [1.19 x 107°,1.38 x 1077]
Ellipsoid (3r, 3r, 31) 20 | 2.76 1.53 | [5.70 x 1073,7.20 x 107%] | [5.53 x 1076, 7.89 x 107]
Ellipsoid (3r, 3r, 31), vectorized | 20 |  2.76 0.56 | [2.49 x 107*,2.84 x 1074] | [2.03 x 1077,2.30 x 1077
23422 < (3r)2 |as| <20+ | 20| 3.04 1.56 | [7.20 x 1073,8.14 x 1073] | [1.31 x 107°,1.52 x 1079]
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